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We construct and analyze the Standard Model of electroweak and strong interactions in multiscale
spacetimes with (i) weighted derivatives and (ii) q-derivatives. Both theories can be formulated in
two different frames, called fractional and integer picture. By definition, the fractional picture is
where physical predictions should be made. (i) In the theory with weighted derivatives, it is shown
that gauge invariance and the requirement of having constant masses in all reference frames make
the Standard Model in the integer picture indistinguishable from the ordinary one. Experiments
involving only weak and strong forces are insensitive to a change of spacetime dimensionality also
in the fractional picture, and only the electromagnetic and gravitational sectors can break the
degeneracy. For the simplest multiscale measures with only one characteristic time, length and
energy scale t∗, ℓ∗ and E∗, we compute the Lamb shift in the hydrogen atom and constrain the
multiscale correction to the ordinary result, getting the absolute upper bound t∗ < 10
−23 s. For the
natural choice α0 = 1/2 of the fractional exponent in the measure, this bound is strengthened to
t∗ < 10
−29 s, corresponding to ℓ∗ < 10
−20 m and E∗ > 28TeV. Stronger bounds are obtained from
the measurement of the fine-structure constant. (ii) In the theory with q-derivatives, considering
the muon decay rate and the Lamb shift in light atoms, we obtain the independent absolute upper
bounds t∗ < 10
−13s and E∗ > 35MeV. For α0 = 1/2, the Lamb shift alone yields t∗ < 10
−27 s,
ℓ∗ < 10
−19 m and E∗ > 450GeV.
I. INTRODUCTION AND SUMMARY
OF THE MAIN RESULTS
A. Dimensional flow and multiscale theories
General relativity in four dimensions is an excellent
description of spacetime and matter at low energies and
large scales. However, as soon as gravity goes quan-
tum, the very concept of smooth continuous geometry
can break down at microscopic scales in favor of more
abstract but more fundamental degrees of freedom. For-
tunately, whenever this happens it is possible to find
approximations such that the geometry retains at least
some of its characteristics, in primis the concept of space-
time dimension. Then, usually one is able to track the
behavior of these features down to ultraviolet scales, for
instance through the study of the spectral dimension ds
and the Hausdorff dimension dh. It is found that, in vir-
tually all known approaches to quantum gravity, includ-
ing string theory [1], either ds or dh (or both) run from
4 in the infrared to some value ≤ 2 in the ultraviolet
(see, e.g., [2–4]). The transition between the two regimes
varies depending on the model but it is continuous in gen-
eral. Examples include causal dynamical triangulations
[5–7], asymptotically safe quantum gravity [8, 9], loop
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quantum gravity and spin foams [10–12], Horˇava–Lifshitz
gravity [7, 9, 13], noncommutative geometry [14–16] and
κ-Minkowski spacetime [17, 18], nonlocal quantum grav-
ity [19], Stelle’s gravity [20], spacetimes with black holes
[21–23], fuzzy spacetimes [24], random combs [25, 26],
random multigraphs [27, 28], and causal sets [29].
In this context, we focus on theories of multiscale
spacetimes [4, 30–44]. These have been proposed either
as stand-alone models of exotic geometry [31, 32, 40, 43]
or as an effective means to study, in a controlled man-
ner, the change of dimensionality with the probed scale
(known as dimensional flow1) in certain regimes of other
quantum-gravity theories [33, 35, 37]. There exist four
inequivalent multiscale theories of “multifractional” type
which differ in the symmetries one imposes on the fun-
damental Lagrangian (Refs. [43, 45] provide pedagogi-
cal overviews of these models and of their status). The
model with ordinary derivatives was the first to be pro-
posed [4, 46, 47] but it cannot be a fundamental the-
ory due to some issues regarding its momentum space
and quantization. The theory with fractional derivatives
is most promising especially as far as renormalization is
concerned but, apart from a general power-counting ar-
gument [32], its physical properties have not been studied
yet; this will be done in the near future. The scenario
1 We refrain from using the more common name “dimensional re-
duction” because, by a long-standing tradition, it indicates a
completely different concept in Kaluza–Klein models, supergrav-
ity and string theory.
2with weighted derivatives and the one with q-derivatives,
on both of which we focus here, have been analyzed in
greater detail both in quantum field theory [32, 38, 40, 41]
and cosmology [43] and a wealth of new phenomenology
has begun to emerge.
The motivation to consider these theories is threefold.
(A) Multiscale spacetimes were originally proposed,
with quantum gravity in mind, as a class of the-
ories where the renormalization properties of per-
turbative quantum field theory could be improved,
including in the gravity sector [4, 32]. Later on,
it was shown that the two theories considered in
the present paper do not have improved renormal-
izability [41], while the arguments of [32] still apply
to the theory with fractional derivatives. This spe-
cific incarnation of the multiscale paradigm is likely
to fulfill the original expectations but, as we said,
its study involves a number of technical challenges.
However, massive evidence has been collected (and
will be further increased by the findings of this pa-
per) that all multifractional models share very sim-
ilar properties (e.g., [32, 35, 42]). In preparation of
dealing with the theory with fractional derivatives
and to orient future research on the subject, it is
important to understand in the simplest cases what
type of phenomenology one has on a fractal space-
time. The theories with weighted and q-derivatives
are simple enough to allow for a fully analytic treat-
ment of the physical observables, while having all
the features of multiscale geometries. Therefore,
they are the ideal testing ground for these explo-
rations. A better knowledge about the typical phe-
nomenology occurring in multiscale spacetimes will
be of great guidance for the study of the case with
fractional derivatives.
(B) The theories with weighted and q-derivatives have
not yet reached a satisfactory level of maturity and
much needs to be done to assess their relevance
and viability as physical models beyond the stan-
dard lore. For instance, the Standard Model has
been formulated only in the electromagnetic sector
[40, 42], models of cosmic inflation and late-time
acceleration have been explored only preliminar-
ily [43] and observational constraints on the funda-
mental scales of the geometry are either heuristic
[32] (based qualitatively on toy models of dimen-
sional regularization) or too weak [40]. Moreover,
it is not even clear whether a satisfactory pertur-
bative quantum field theory can be formulated at
all in the case with weighted derivatives, due to dif-
ficulties in defining a predictive Feynman series of
scattering processes [41]. These theoretical prob-
lems deserve our attention.
(C) The search for experimental constraints on fractal
spacetimes dates back to the 1980s [48–50]. Since
early proposals of fractal spacetimes were quite
difficult to handle [51–54], toy models of dimen-
sional regularization were used in [48–50] and sev-
eral bounds on the deviation of the spacetime di-
mension from 4 were obtained. However, these toy
models were not backed by any specific framework
and they were not even multiscale. Multifractional
theories are a foundational proposal based on a
complex combination of physical requirements with
the principles of fractal geometry [32], they are mul-
tiscale and they provide a most natural and solid
follow-up to the 1980s scenarios. The questions left
unanswered by those models can now receive proper
attention.
B. Goals and results
The first purpose of this paper is to construct the
SU(3) ⊗ SU(2) ⊗ U(1) Standard Model of electroweak
and strong interactions in the multiscale theories with
weighted and q-derivatives. We will extend the discus-
sion started in [40] for Abelian gauge fields and electro-
dynamics to non-Abelian fields.
The second goal is to see whether the problems found
in [41] for the case with weighted derivatives can be over-
come and the theory made predictive. We answer in the
affirmative. Gauge invariance and the requirement that
all measurable masses are constant in all reference frames
(a minimal requisite for a manageable perturbation the-
ory) constrain the Lagrangian in such a way that field re-
definitions from the so-called fractional picture to the in-
teger picture (two inequivalent frames) map the model to
the standard one. On one hand, this result goes against
the general expectation that nonlinear interactions make
such mapping impossible [41], thus avoiding the troubles
that nonconstant couplings introduce in a quantum field
theory. On the other hand, the “trivialization” of the
model in the integer picture indicates that quantum fields
may be insensitive to the anomalous properties of space-
time, in the absence of gravity. This is indeed the case
for weak and strong interactions but not for quantum
electrodynamics (QED); the reason of this discrepancy is
that, among the gauge couplings, only the electric charge
is observed directly. The theory is nontrivial also be-
cause, when gravity is switched on, the field redefinitions
are associated with a change of frame which never leads
to general relativity plus minimally-coupled matter [43].
Moreover, once the frame has been fixed, the measure
affects the physics at mesoscopic scales, such as in ther-
modynamical and atomic systems [55]. To summarize,
we show that spacetimes with weighted derivatives are
viable embeddings for a quantum field theory but their
physical implications should be studied mainly in elec-
trodynamics or at mesoscopic and large scales, especially
in an astrophysical or cosmological setting.
The third goal of the paper is to extract, for the first
time, physical predictions from the multiscale Standard
Models. Since the weak and strong sectors with weighted
3derivatives are indistinguishable from the ordinary case,
the question pertains only to electrodynamics for this
theory, while in the theory with q-derivatives we have
more nontrivial phenomenology at our disposal. The gen-
eral strategy, originally embraced in early toy models of
dimensional regularization [48–50], will be to use the ex-
perimental uncertainty of the most recent measurements
of physical observables as an upper bound on the largest
possible effect of multiscale geometry. This will allow us
to place constraints on the time and length scales t∗ and
ℓ∗ below which geometry shows signs of a multifractal
hierarchy.
In the theory with weighted derivatives, we consider
the Lamb-shift effect in hydrogenic atoms and find the
absolute upper bound
t∗ < 10
−23 s , (1)
with a preferred range (i.e., for the natural choice α0 =
1/2 of the fractional exponent in the time direction, one
of the parameters of the model)
t
(α0=1/2)
∗ < 10
−29 s , (2)
corresponding to energies E∗ > 28TeV right above the
Large Hadron Collider (LHC) scale of 13TeV.
The time scale t∗ can also be interpreted as the end of
the era since the big bang (at t = 0) when the universe
showed a multiscale geometry. In this sense, the upper
bound (2) can be compared with the only other extant
constraint
t
(α0=1/2)
∗ < 10
6 s ≈ 21 days , (3)
obtained in [40] from the variation ∆αqed/αqed of the
fine structure constant at cosmological scales.2 The com-
parison illustrates a dramatic advancement. While the
bound (3) is much weaker than what one should ex-
pect for consistency with the big-bang nucleosynthesis
(t∗ < 0.3 s [40]), the constraint (2) respects the nucle-
osynthesis bound and reduces the one from the fine-
structure constant by 35 orders of magnitude! Another
clear advantage of (2) with respect to (3) is that it is
based on well-established experimental determinations of
the spectral lines of hydrogenlike atoms, while (3) is, at
best, a heuristic estimate from observations that are still
under debate. We therefore regard (1) and (2) as the first
solid constraints on the time scale of the multiscale the-
ory with weighted derivatives. Further bounds involving
the fine-structure constant will be discussed at the end
of the paper.
2 In [40], the expression ∆αqed/αqed ≃ −(1+
√
t/t∗)−1 was found
for a measure (10b) with α0 = 1/2. Inverting with respect to t∗
and plugging in the mean value ∆αqed/αqed = (−0.57± 0.11)×
10−5 measured at Keck [56, 57] and the age t ≈ 1.79Gyr of
the quasar, an estimate for t∗ was obtained. Taking instead
the mean value as a rough upper bound on ∆αqed/αqed, this
estimate becomes the upper bound (3) for t∗.
In the theory with q-derivatives, we consider also the
muon decay rate, which gives independent information
from the weak sector. One obtains
t∗ < 10
−13s , t
(α0=1/2)
∗ < 5× 10−18s , (4)
the first constraints ever on this theory. We will also find
a lower bound on the fundamental energy scale E∗ in
momentum space from the Lamb shift in the hydrogen
atom,
E∗ > 35MeV , E
(α0=1/2)
∗ > 450GeV . (5)
At the end of the paper in Sec. VI, we will convert
these bounds to stronger constraints on the time scale,
t∗ < 10
−23 s and t
(α0=1/2)
∗ < 10
−27 s. These numbers can
be used in realistic cosmological models of the early uni-
verse to construct and test multiscale inflationary phe-
nomenology. We will not pursue this line of investigation
here. The bounds (4)–(5) have been announced in a com-
panion paper [44]. This theory avoids αqed constraints.
C. Comparison with more standard
phenomenology beyond the Standard Model
To explain our results intuitively to a bigger circle of
phenomenologists, it might be useful to make a link with
more familiar formulations of physics beyond the Stan-
dard Model. The presence of an underlying multiscale
geometry affects the field theory in such a way that in-
teraction terms (in gauge derivatives or in nonlinear po-
tentials) acquire an explicit spacetime dependence of the
form
[1 + f(x)]φiφj · · · , (6)
where f(x) = f [v(x)] depends on the multiscale mea-
sure weight v(x) characterizing the geometry and φi are
some generic fields. Terms such as (6) have a naive in-
terpretation of “having promoted coupling constants to
fields” and, in some sense, some of the physical effects
we encounter are similar to those in models with vary-
ing couplings [40]. Another possibility to mimic effects
of the form (6) might be to add higher-dimensional op-
erators to a perfectly traditional Lagrangian. For in-
stance, in a cubic single-scalar-field theory one would
have φ3 → [1 + f(x)]φ3 ∼ [1 + φm + φn + · · · ]φ3 for
some exponents m and n, and one would fall into the
context of effective field theories.
These are only superficial analogies which will be pro-
gressively screened out by various technical and concep-
tual distinguo we will make in the paper. The most im-
portant of all is that v(x) is not a scalar field and none
of the above interpretations based on ordinary field the-
ories has any such premade, nontrivial integrodifferential
structure. Since v(x) [hence f(x)] is fixed by the geom-
etry, it cannot be interpreted as a field and the higher-
order-operators comparison dies as soon as one writes
4down the classical or quantum dynamics [classically, one
does not vary with respect to v(x); at the quantum level,
v(x) does not propagate].3 The varying-coupling inter-
pretation can still survive but it loses any utility in the
long run, since it does not explain why only certain cou-
plings, but not others, depend on spacetime.
D. Outline
In Sec. II, we briefly introduce the basic ingredients of
multiscale spacetimes, giving much space to novel discus-
sion on predictivity and falsifiability (Sec. II A 1) and on
the change of frame (Sec. II D).
The Standard Model of electroweak and strong interac-
tions with weighted derivatives is constructed in Sec. III.
In Sec. III A, we set the formalism of Yang–Mills theory
(Sec. III A 1) and interacting spinorial fields (Sec. III A 2).
The Lagrangian of the electroweak model with weighted
derivatives is constructed in Secs. III B and III C. The
symmetries of the theory are discussed in Sec. III E.
Section IV explores several conceptual features of the
model with weighted derivatives of relevance for theory
and experiments. The differences between the fractional
and integer pictures, inequivalent frames related by field
redefinitions, and reasons why one would not expect to
have a quantum field theory under control are spelled out
in Sec. IVA. These issues are discussed in Sec. IVB in
the case of the Standard Model: the theory is well defined
but it does not give rise to characteristic predictions in
accelerator experiments, apart in the electroweak sector
(Sec. IVC). Possible deviations of the spacetime dimen-
sionality from 4 are calculated in Sec. IVD, where we
place the bounds (1) and (2) on multiscale effects from
the Lamb shift.
Section V is devoted to the theory with q-derivatives.
The Standard Model on such spacetimes and its symme-
tries are introduced in Sec. VA, while in Sec. VB we
estimate how the anomalous geometry affects the muon
lifetime τmu and the Lamb shift. In Sec. VC, we com-
pute the correction ∆τ = τmu − τ0 to the standard value
τ0 and extract the upper bound (4) on the characteristic
time scale t∗ of the multiscale measure. A similar way to
proceed is adopted in Sec. VD for the quantum electro-
dynamics corrections to the energy levels of light atoms,
eventually leading to (5).
A discussion on further bounds on all the scales of both
theories and conclusions are in Sec. VI.
3 In scenarios with curved backgrounds, nondynamical scalars can
still account for a nontrivial determinant of the metric. This is
an incarnation of unimodular gravity that was compared with
multiscale spacetimes in [43, Sec. 3.1].
II. REVIEW OF MULTISCALE SPACETIMES
We limit our attention to multiscale spacetimes defined
on the ambient manifold MD, D-dimensional Minkowski
spacetime. The impact of curved backgrounds on this
class of theories [43] will be examined in Sec. IVC2.
A. Measure
The usual volume element dDx is replaced everywhere
by the Lebesgue–Stieltjes measure dDx → d̺(x). In or-
der to manipulate the measure, it is necessary to make
some assumptions. (a) The measure is written as the
standard Lebesgue measure times a non-negative weight
factor,
d̺(x) = dDx v(x) . (7)
(b) The weight v(x) > 0 is a fixed coordinate profile
where coordinates are factorized, v(x) =
∏
µ vµ(x
µ),
where the D functions vµ can be different from one an-
other. (c) vµ(x
µ) = vµ(|xµ|).
The choice of weight is part of the definition of mul-
tiscale spacetimes. The goal is to define a measure on
a continuum which could reproduce dimensional flow in
quantum gravity or, more specifically and under certain
approximations, a geometry with multifractal properties.
This objective can be achieved by a specific set of rules
which do not leave much liberty to the form of v(x)
[31, 32]. The simplest measure that one may use to ob-
tain a noninteger dimensionality of spacetime is of the
form
v(x) =
∏
µ
vαµ(x
µ) =
D−1∏
µ=0
|xµ|αµ−1
Γ(αµ)
, (8)
where 0 < αµ ≤ 1 are real-valued constants and Γ is Eu-
ler’s gamma function. It can be readily seen that, since
v has no dependence on any sort of characteristic scale,
the measure weight (8) leads to a constant Hausdorff di-
mension (the way a ball volume scales with its radius)
dh =
∑
µ αµ 6= D rather than to a varying dimension.4
A more realistic Ansatz is
v(x) = v∗(x) :=
∏
µ
[
N∑
n=1
gµ,n(l
µ
n)vαn(|xµ|)
]
, (9)
whereN is integer and gµ,n are dimensionful coupling pa-
rameters which depend on the values of the characteristic
length scales lµn. To obtain dimensional flow, it is suffi-
cient to consider a binomial measure, N = 2. In particu-
lar, to get dh = D in the infrared, we choose gi,1 = ℓ
1−α
∗ ,
4 We will keep referring to the Hausdorff dimension but similar
considerations apply to the spectral dimension ds as well; see
[39] for details.
5αi = α for all spatial directions i, g0,1 = |t∗|1−α0 and
gµ,2 = 1 = αµ,2 for all µ, where ℓ∗ and t∗ are, respec-
tively, a characteristic length and time. For instance, in
D = 4 topological dimensions we will consider the mea-
sure weight
v∗(x) =
3∏
i=1

1 +
∣∣∣∣∣x
i
ℓ∗
∣∣∣∣∣
αi−1

 , (10a)
v∗(t) = 1 +
∣∣∣∣ tt∗
∣∣∣∣
α0−1
. (10b)
This is the simplest scale-dependent measure encoding
a varying dimension. In the infrared and at late times
(xi ≫ ℓ∗, t≫ t∗), the Hausdorff dimension of spacetime
is dh ≃ 4, while in the ultraviolet and at early times
dh ≃ 3α + α0. The transition between these regimes is
smooth.
Other measures more general than (9) are not only
possible but also necessary if one wants to consider a ge-
ometry resembling a deterministic multifractal [30, 32].
In the simplest case (only one frequency ω), these mea-
sures are of the form (9) with the replacement vαn(x
µ)→
vαn(x
µ)Fω(ln |xµ|), where for each direction (index µ
omitted)
Fω(ln |x|) = A cos
(
ω ln
∣∣∣∣ xℓ∞
∣∣∣∣
)
+B sin
(
ω ln
∣∣∣∣ xℓ∞
∣∣∣∣
)
.
(11)
This modulation factor includes logarithmic oscillations
and a fundamental scale ℓ∞ much smaller than ℓ∗, pos-
sibly of order of the Planck scale [33]. We will not use
log-oscillating measures in the bulk of this paper, as the
multifractional binomial measure (10) will suffice for our
purpose. However, we will invoke the scale ℓ∞ in the
conclusions to elaborate the constraints found from ex-
periments.
The existence of a unitary invertible Fourier trans-
form implies that also the measure in momentum space
is anomalous,
dDk → dDp(k) = dDk w(k) , (12)
where pµ(kµ) are geometric coordinates in momentum
space, the weight w(k) is factorizable and its form de-
pends on the theory.
1. Presentation, predictivity, and falsifiability
Before moving on, several caveats deserve our atten-
tion. First, v(x) is not a scalar field but a distribution
profile dictated by multifractal geometry. Therefore, it is
not constrained dynamically. This is important not only
because dynamics itself is strongly affected by the shape
of v(x) [43], but also as a means to tell apart our pro-
posal from other Standard Models with varying couplings
[40, 58].
Second, ordinary Poincare´ invariance is violated by
(9) and its concrete incarnation (10). This is a neces-
sary price to pay to have a well-defined integrodifferen-
tial calculus: measures which preserve part of Poincare´
invariance, for instance rotations, turn out to fare much
worse than factorizable ones [31]. However, the prob-
lem now arises of which coordinate frame one should
choose to compare the theory with experiments. For ex-
ample, one might pick a different polynomial measure
v∗(x) → v∗(x − x¯) peaked at a point x¯ 6= 0, and define
“infrared” and “ultraviolet” with respect to the distance
of an event from the new origin x¯. Even if the measure is
singular at a specific point x¯, the singularity is integrable
and it does not affect the well-definiteness of observables.
As explained in [31, 40, 59], this is an issue of presenta-
tion of the measure that does not change the proper-
ties of the geometry (provided all the other parameters
are kept fixed) but that, nevertheless, can affect physi-
cal predictions. This guarantees that, once the measure
is completely chosen, multiscale theories are fully pre-
dictive. Moreover, different presentations correspond to
different theories and their physical differences can, in
principle, be measured in certain experiments with the
required sensitivity [59]. Thus, regardless of whether the
experiments we can make today reach such sensitivity or
not, multiscale theories are also falsifiable. Also, there
are so few presentation choices (four have been identified
in [59]) that one cannot go on forever tailoring models in
the case one presentation after another were excluded by
observations.
Let us now discuss the topics of presentation, predic-
tivity, and falsifiability in relation with the results of the
present paper. First, we choose a particularly natural
presentation called “null” [59], which fixes x¯µ = 0 for all
µ. In many contexts, the null presentation coincides with
another presentation called initial-point. For instance, in
particle-physics experiments, one regards the point t¯ as
the beginning of the observation (the moment t − t¯ = 0
when, e.g., a certain collision occurs or a certain particle
is created) and t∗ as the time, measured from t¯, before
which multiscale effects are important. Setting t¯ = 0,
for symmetry with the rest of the coordinates one also
has x¯i = 0. In a cosmological system, t¯ would be the
discriminator between “early” times ∆t = t − t¯ . t∗
and “late” times ∆t ≫ t∗. Here ∆t represents the mo-
ment when a cosmological phenomenon takes place with
respect to some special instant t¯ in the history of the
universe. In this case, and without loss of generality, one
defines t¯ = 0 as the big bang, which is a most unique
point in the cosmic evolution (it seems that multiscale
cosmological models are not singularity free, in general
[43]). Again for symmetry, x¯i = 0. The null presentation
of the measure makes physical observables well defined;
concrete examples will be seen in Secs. IVD, VC, and
VD. For further details on this and other measure pre-
sentations, see [59].
Although we fix the presentation, some of the other pa-
rameters of the measure are left free (for instance, α), so
6that we have to limit the discussion to constraints, rather
than getting actual predictions. Even if we consider a
type of phenomenology that does not lead to extremely
strong constraints on the scales of the geometry, other
observations have the potential to push these constraints
to the point where specific models can be ruled out. It
is therefore important to begin an extensive survey of
the phenomenology of multiscale theories, ranging from
particle physics to astrophysics and cosmology.
In what follows, we will use a generic weight v(x) with-
out specifying its form except in Secs. IVD, VC, VD,
and VI. In those sections, the form of the measure is
chosen to be the binomial (10), with or without log os-
cillations. Inclusion or not of log oscillations is just a
matter of what scales are probed by an experiment. If
these scales are expected to be larger than the funda-
mental scale appearing in Eq. (11) (as is the case of the
Standard Model, characterized by masses much smaller
than the Planck mass), then one can consistently aver-
age out these oscillations to a first approximation. The
choice to have only one scale ℓ∗ among the infinitely
many possible ones in the most general multiscale mea-
sure (9) (written explicitly in [35]) is not based on a cri-
terion of subjective simplicity. (If it were so, one would
be able to consider more general scale hierarchies when-
ever a model is excluded by experiments, which would
make the theory virtually unpredictive). In fact, the bi-
nomial measure can be regarded as an approximation of
Eq. (9) where one picks the largest scale ℓ∗ in the hier-
archy. Whatever happens at smaller scales, no matter
the number of transient regimes with different dimen-
sionalities from ℓ∗ down to Planck scales, from the point
of view of a macroscopic observer the first transition to
an anomalous geometry will occur near ℓ∗. Experiments
constrain just this scale, the end of the multiscale hierar-
chy. Therefore, the fact that only one scale is sufficient
to produce dimensional flow acts as a sort of superse-
lection rule about the number of scales we should con-
sider when confronting multifractional theories with ex-
periments. Independently of the detailed behavior of the
measure at ultrasmall scales, for any given presentation
the physical consequences at scales ∼ ℓ∗ are universal
and the theory is back-predictive.
B. Theory with weighted derivatives
In multiscale flat spacetimes with weighted derivatives,
one replaces the usual Laplace–Beltrami operator ✷ =
ηµν∂µ∂ν with
Kv := ηµνDµDν , Dµ := 1√
v(x)
∂µ
[√
v(x) ·
]
, (13)
where η is the usual Minkowski metric with signature
(−,+,+,+). This choice of derivatives allows the con-
struction of a momentum space with an invertible trans-
form [34] and has the advantage, contrary to fractional
operators, to have simple composition rules. Defining
Dˇµ = 1
v(x)
∂µ [v(x) · ] , (14)
one has
Dˇµ(ADµB) = DµADµB +ADµDµB , (15)
Dµ(AB) = (DµA)B +A(∂µB)
= (∂µA)B +A(DµB) . (16)
If we integrate the left-hand side of Eq. (15) over the
hypervolume (7), the factor v is canceled by the pref-
actor 1/v in Dˇ and, for smooth fields vanishing at
infinity, one establishes that
∫
dDx v(x)DµADµB =
− ∫ dDx v(x)ADµDµB. Also, since v(x) is not a
field, for an arbitrary variation δ of a field φi(x)
(i is a generic tensorial or family index), one
has δ
[
v(x)φi(x)
]
= v(x) δφi(x). Moreover, from
DµDνφi(x) = [v(x)]−1/2∂µ∂ν [
√
v(x)φi(x)], we have
[Dµ,Dν ]φi = 0.
When constructing a field theory with weighted deriva-
tives on Minkowski spacetime, one defines the action by
replacing dDx → dDx v(x) and ∂µ → Dµ in the corre-
sponding standard action L[∂x, φi(x)] (whatever it is) of
fields φi:
S =
∫ +∞
−∞
dDx v(x)L[Dx, φi(x)] , (17)
where L is the Lagrangian density. Equation (7) leads
to a breaking of the Poincare´ symmetries. In electro-
magnetism, noninvariance under translations gives rise
to a Noether current not conserved in the familiar sense,
∂µJ
µ 6= 0. Instead, what one finds is the “deformed”
conservation law [40]
DµJµ = 0 . (18)
For an electromagnetic current Jµ characterized by a
charge density J0 = ρ and a flux vector J, Eq. (18) leads
to the (non)conservation equation −Dtρ+DiJ i = 0. Fur-
ther, if we define the electric charge as
Q(t) :=
∫
dx v(x) ρ(t,x) , (19)
one finds DtQ 6= 0 6= Q˙. This property opens up the pos-
sibility of having a varying electron charge [40]. In the
present work, we examine the implications of the anoma-
lous background geometry also for the weak and strong
sectors.
C. Theory with q-derivatives
Spacetimes with q-derivatives are much easier than
those with weighted derivatives since they are invariant
7under the so-called q-Poincare´ symmetries. The measure
(7) can be rewritten as
d̺(x) = dDq(x) = dq0(x0) . . . dqD−1(xD−1) , (20)
qµ(xµ) :=
∫ xµ
dx′
µ
vµ(x
′µ) , (21)
and the profiles qµ(xµ) are called geometric coordinates.
By definition, any Lagrangian L[∂x, φi(x)] is replaced by
L{∂q(x), φi[q(x)]}. In practice, one can pick the system
of interest (Einstein gravity, the Standard Model, and so
on) and simply make the replacement
x→ q(x) (22)
everywhere. The theory is then invariant under the non-
linear transformations
q′
µ
(xµ) = Λ µν q
ν(xν) + aµ , (23)
where aµ is a constant vector.
The step (22) leads to a nontrivial theory because part
of the definition of multiscale spacetimes is the specifi-
cation of measurement units for the coordinates. Time
and spatial coordinates scale as lengths (in c = 1 units),
[t] = −1 = [xi], which set our clocks and rods. On the
other hand, geometric coordinates have an anomalous
scaling with respect to these clocks and rods and they
represent mathematically and physically inequivalent ob-
jects with respect to the system {xµ}. Let us explain this
point in detail. For the binomial measure (10), the geo-
metric coordinates are
qi∗(x
i) = xi + ℓ∗
sgn(xi)
αi
∣∣∣∣∣x
i
ℓ∗
∣∣∣∣∣
αi
, (24a)
q∗(t) = t+ t∗
sgn(t)
α0
∣∣∣∣ tt∗
∣∣∣∣
α0
. (24b)
Although [qµ(xµ)] = −1 at all scales just like the coor-
dinate xµ, at different regimes its x-dependence changes
and, in the ultraviolet, one has q ∝ xα and an anomalous
scaling for α 6= 1. To see that the q-theory is inequivalent
to the standard one, one can look at the structure of mo-
mentum space and at its consequences, for instance in the
primordial cosmological spectra of inflation [43]. The ex-
pression of the measure dDp(k) in momentum space and
of its coordinates pµ(kµ) is universal and independent of
the form of the spacetime geometric coordinates:
pµ(kµ) =
1
qµ(1/kµ)
, lµn ↔
1
kµn
, (25)
under the provision that the hierarchy of length scales
{lµn} appearing in qµ be replaced by a hierarchy of energy-
momentum scales {kµn}. A further simplification occurs if
all momentum scales along different directions collapse to
just one energy scale E∗n. For example, the momentum
geometric coordinates (25) associated with the binomial
measure (24) are
p∗(k
i) =
[
1
ki
+
1
E∗
sgn(ki)
αi
∣∣∣∣∣E∗ki
∣∣∣∣∣
αi]−1
, (26a)
p∗(E) =
[
1
E
+
sgn(E)
E∗α0
∣∣∣∣E∗E
∣∣∣∣
α0]−1
. (26b)
Due to its simplicity, the construction of the Standard
Model in this class of spacetimes will take much less effort
than for the theory with weighted derivatives.
D. Pictures and physical observables
The structure of (13) has suggested, since early
stages, a convenient way to recast systems with weighted
derivatives into a more familiar one. Given an action
Sη[v,D, φi,mi, λi] with integration measure weight v(x),
Minkowski metric ηµν , weighted derivatives Dµ, matter
fields φi, masses mi and couplings λi, if the kinetic terms
are at most quadratic one can make field redefinitions
φ˜i =
√
v φi (27)
such that the following mapping holds:
Sη[v,D, φi,mi, λi] = S˜η[1, ∂, φ˜i,mi, λ˜i] , (28)
where the couplings have been redefined accordingly and
the masses remain the same (vm2iφ
2
i = m
2
i φ˜
2
i , see below).
The left-hand side of (28) is the starting point where the
multiscale theory is defined and the anomalous geome-
try is manifest; the set of variables {φi,mi, λi} is called
fractional picture. The right-hand side of (28) looks like
a field theory in ordinary spacetime, where αµ = 1; the
set of variables {φ˜i,mi, λ˜i} is then called integer picture.
The theory with q-derivatives is even simpler to for-
mulate. There is no field redefinition analogous to (27)
and the mapping (28) is replaced by
Sη[v, v
−1∂x, φ
i,mi, λi] = Sη[1, ∂q, φ
i,mi, λi] . (29)
In this case, we will call fractional picture the frame
where the x-dependence of the geometric coordinates
q(x) is manifest [left-hand side of (29)] and integer pic-
ture the frame described by the geometric coordinates q
[right-hand side of (29)].
The difference between the fractional and the integer
picture is in the way geometry is perceived by the dynam-
ical degrees of freedom: as standard Minkowski space-
time in the integer picture, as an anomalous geometry
with a fixed integrodifferential structure in the fractional
picture. The presence of this predetermined structure
does affect the physics because it prescribes the existence
of a preferred frame where physical observables should be
compared with experiments. By definition of the theory,
this frame is the fractional picture. Even if some or all
the steps of the calculation of such observables can (or,
8for quantum field theory, must) be done in the integer
picture, the final result must be reconverted back to the
fractional picture. Roughly speaking, not doing so would
amount to get wrong numbers from a set of adaptive q-
clocks and q-rods [59]. This is an important conceptual
novelty with respect to theories with an ordinary inte-
grodifferential structure: a choice of frame is a manda-
tory step in the definition of multiscale spacetimes.
In the case with q-derivatives, time intervals, lengths
and energies are physically measured in the fractional pic-
ture with coordinates xµ (kµ in momentum space), where
coordinate transformations are described by the nonlin-
ear law (23). It may be useful to stress that Eqs. (22) and
(21) are not a coordinate transformation. They govern
the passage between the fractional picture and the inte-
ger picture described by the composite coordinates q(x)
[p(k) in momentum space].
The case with weighted derivatives is more delicate be-
cause the triviality of the right-hand side of the mapping
(28) depends on the system under consideration. More-
over, even in cases where the right-hand side is trivial
(i.e., when λ˜i = const), it is not obvious that physical ob-
servables will be trivial, too. Therefore, even if we have
defined the theory to give predictions in the fractional
frame, one should verify explicitly that these predictions
are nontrivial. This point is better illustrated by concrete
examples and, for this reason, we will postpone its dis-
cussion to Sec. IV. Here we anticipate the gist of it: the
Standard Model will turn out to be trivial in the integer
picture but the electrodynamics sector will, nevertheless,
give rise to nontrivial observables in the fractional pic-
ture. The situation becomes much clearer in the presence
of gravity because, in that case, the system can never be
trivialized in the integer picture; see Sec. IVC2.
Finally, we make a remark on the multiscale theories
with ordinary and fractional derivatives, which we do
not consider in this paper. Models with ordinary deriva-
tives can at best be regarded as an effective description
of anomalous spacetimes, since they suffer from several
problems (see [43] for a recapitulation). Still, whenever
trustable, their predictions are nontrivial: actions have
the form Sg[v, ∂, φ
i,mi, λi] in a generic embedding with
metric gµν and there is no such thing as an integer pic-
ture. To the best of our knowledge, also the theory with
fractional derivatives cannot be trivialized in a suitable
frame, due to the complexity of the differential structure.
III. STANDARD MODEL WITH
WEIGHTED DERIVATIVES
A. Gauge fields, fermions and varying couplings
1. Gauge transformations
In this subsection, the infinitesimal and finite gauge
transformations for gauge fields and spinors are estab-
lished.
We define the Yang–Mills field Aµ = Aµ
a
ta,
5 where
Aµ
a is a non-Abelian vector field and ta are the matrix
representations of the Lie algebra [ta, tb] = ifabct
c, to-
gether with the normalization condition tr(tatb) = 12δ
ab.
In [40], the covariant derivative for the Abelian gauge
group U(1) was defined as (in ~ = 1 = c units)
∇µ := Dµ + ieAµ , (30)
with e the charge that couples to electromagnetism. For
the multiscale theory with weighted derivatives, one has
e(x) =
√
v(x)e0 , (31)
e0 being the usual electron charge.
6
Let us now consider the Lie group SU(n) with an ar-
bitrary n. Let Ψi(x) be the components of a matter field
transforming according to a given representation ta of the
Lie algebra. Making the symmetry local, the infinitesi-
mal transformation reads
δΨi = ig ǫ
c (tc)i
j
Ψj , (32)
where ǫc = ǫc(x) denote the components of a set of n2−1
functions which depend on the coordinates and g = g(x)
is a charge which, in principle, may vary in space and
time. We will keep the coordinate dependence of ǫc and
g implicit in what follows. Differentiating Eq. (32) gives
δ(DµΨ)i = i[∂µ(gǫc) (tc)ijΨj + gǫc (tc)ijDµΨj] , (33)
where we used Eq. (16). In order to make the kinetic
term of the Lagrangian invariant under Eq. (33), it is
required that the derivative operator transforms just like
Ψ itself. To do so, we make the replacement
Dµ → ∇µ = Dµ + igAµ , (34)
so that we have δ(∇µΨ)i = igǫa (ta)ij∇µΨj if, and only
if, the variation of Aµ is
[δ(gAµΨ)]i = ig2ǫaAµbf cab (tc)imΨm
−∂µ(gǫb) (tb)ijΨj , (35)
for any matter field Ψ. The last expression can be rewrit-
ten as
δ (gAµ) = g
2 [iǫ,Aµ]− ∂µ(gǫ) , (36)
5 Hereafter, we will use Latin indices a, b, . . . when we refer to in-
ner degrees of freedom related to the generators of a Lie group,
and Greek indices µ, ν, . . . when we refer to spacetime coordi-
nates. We work in D topological dimensions until we compare
the theory with experiments. Latin indices i, j, . . . run over the
specific representation of the group. If not specified, the funda-
mental representation will be employed, and i, j, . . . = 1, . . . , n
for SU(n). Also, we will use boldface fonts when internal indices
are contracted and normal case when we refer to field compo-
nents.
6 Unless otherwise specified, we shall use the subscript 0 to denote
constant couplings.
9with ǫ = ǫata. This is the infinitesimal transformation of
the gauge field Aµ. In electromagnetism, gauge invari-
ance yields the relation (31) between e and e0.
Next, we define a finite gauge transformation as
Ψ′(x) = ω(x)Ψ(x) , (37)
or, in components, Ψ′i(x) = ωi
j(x)Ψj(x). In this case, the
derivative operator defined in Eq. (34) will be covariant
if, and only if,
igA′aµ (ta)jk = ig ωjlAaµ (ta)lm(ω−1)mk − ∂µωjn(ω−1)nk ,
(38)
or, in a more compact form,
igA′µ = ig ωAµω
−1 − (∂µω)ω−1 . (39)
In particular, taking U(1), g = e, Aµ = Aµ, ω = e
ieλ(x),
from Eq. (31) we find that A′µ and Aµ are related by
A′µ = Aµ +Dµλ, consistently with [40].
From here, we recall that the anomalous geometry does
not modify the definition of the group SU(n), which is
still arc connected. Thus we can expand ω in a neigh-
borhood of the identity, so that ω ≃ 1 + igǫ or, in
components, ωi
j ≃ δij + igǫa(ta)ij . With this, it is
straightforward to see that the infinitesimal transforma-
tion A′µ −Aµ = δAµ is indeed given by Eq. (36).
Finally, we define the field strength or curvature tensor
Fµν = Faµνta as the commutator of the double covariant
derivative (34), acting on Ψ:
igFµνΨ = [∇µ,∇ν ] Ψ . (40)
Substituting Eq. (34) in (40), we get
Faµν (ta)ijΨj =
1
g
[
∂µ(gAbν)(tb)ij − ∂ν(gAcµ)(tc)ij
]
Ψj
−gAcµAdνfecd (te)ijΨj , (41)
where we used Eq. (16). Combining Eqs. (38) and (40),
the transformation law for Fµν under finite gauge trans-
formations follows:
F
′
µν(x) = ω(x)Fµν(x)ω
−1(x) , (42)
whereas under infinitesimal gauge transformations one
has δFµν = F
′
µν −Fµν = ig [ǫ,Fµν ] or, in components,
Faµν → Faµν−gfabcFcµνǫb, which is the same for a constant
ǫ or a local ǫ(x).
2. Interacting fermions
In Eq. (31), the U(1) electric charge may vary in space-
time [40, 42]. In this subsection, we shall determine
whether it is possible to obtain the same dependence for
the group SU(n). The physically relevant groups are
SU(2) and SU(3).
Let us consider an interacting theory of a gauge field
Aµ and a fermion field Ψ invariant under the combined
local gauge transformations (37) and (42). By imposing
uniqueness for the conservation law for the Noether cur-
rent, we shall determine the relation between the value
of the coupling constant g0 found in the standard theory
and g. We will start from the gauge-invariant Lagrangian
density
L = LYM + Lint + Lm , (43a)
LYM = −1
2
tr(FµνF
µν) , (43b)
Lint = iΨγµ (Dµ + igAµ)Ψ , (43c)
Lm = −mΨΨ , (43d)
where γµ are the usual Dirac matrices, Lint is the con-
tribution to the Lagrangian due to interaction between
fields Ψ andAµ, and Lm is the mass term. All the contri-
butions LYM, Lint and Lm are gauge invariant separately.
We now define
g(x) =:
√
v(x) gv(x) , Ψ˜ :=
√
v(x)Ψ , (44a)
g0A˜µ := g(x)Aµ =
√
v(x) gv(x)Aµ , (44b)
where g0 is constant but gv varies in spacetime. Substi-
tuting (44) into Eq. (40),
Fµν =
1√
v
g0
gv
{
∂µA˜ν − ∂νA˜µ + ig0[A˜µ, A˜ν ]
}
=
1√
v
g0
gv
F˜µν , (45)
where F˜µν := ∂µA˜ν − ∂νA˜µ + ig0[A˜µ, A˜ν ]. With this,
the Lagrangian density (43) reads
L = 1
v
[
−1
4
g20
g2v
(F˜aµνF˜µνa ) + iΨ˜γµ∇˜µΨ˜−mΨ˜Ψ˜
]
, (46)
∇˜µ = ∂µ + ig0A˜µ , (47)
where we raise and lower indices with the Minkowski met-
ric. Now, the factor 1/v(x) annihilates the v(x) that ap-
pears in Eq. (17), so that the action functional is the
same as usual, apart from the fact that the Yang–Mills
coupling in front of the F˜2 term might be spacetime
dependent (we will presently come back to this point).
Hence, varying the action with respect to A˜aν yields the
equations of motion
∂ν
(
g20
g2v
F˜µνa
)
− g
3
0
g2v
f bca A˜bνF˜µνc = −g0Ψ˜γµtaΨ˜ . (48)
Applying ∂µ to Eq. (48) and noting that
∂µ∂ν(g
2
0F˜µνa /g2v) = 0 since F˜µνa is antisymmetric in
the spacetime indices, one gets
0 = ∂µj˜
µ
a := ∂µ
(
−g0Ψ˜γµtaΨ˜ + g
3
0
g2v
f bca A˜bνF˜µνc
)
, (49)
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or, before the field redefinitions (44), the equations of
motion (48) and Eq. (49) for the n2− 1 Noether currents
read
DµFµν = jν , (50)
Dµjµa = 0 , (51)
jµa := −gΨγµtaΨ+
g0
gv
gf bca AbνFµνc . (52)
Nonconservation is caused by the nontrivial weight fac-
tors, as one can check when integrating Eq. (51) over a
hypervolume
∫
dDx v(x). Also, and as in the ordinary
case v = 1, jµa is not gauge invariant, due to the presence
of the term ∝ AνFµν . In the Abelian case with weighted
derivatives, Maxwell’s equations are DµFµν = Jν [40].
The left-hand side is gauge invariant and, therefore, so
is the right-hand side. Saturating with Dν yields the de-
formed conservation law (18). In the non-Abelian case,
the left-hand side of Eq. (50) belongs to the adjoint repre-
sentation, implying that the right-hand side is not gauge
invariant.
In response to this, one can define the matter current
Jµa := −gΨγµtaΨ , (53)
which is gauge invariant and obeys the law
∇µJµa = DµJµa − f bca AbµJµc
= −Dµ
(
gΨγµtaΨ
)
+ gf bca AbµΨγµtaΨ
= 0 (54)
in the adjoint representation. On the other hand, from
the Euler–Lagrange equations
∂µ
[
∂L˜
∂(∂µΨ˜a)
]
=
∂L˜
∂Ψ˜a
, ∂µ

 ∂L˜
∂
(
∂µΨ˜
a)

 = ∂L˜
∂Ψ˜
a ,
(55)
the Dirac equation with electromagnetic interactions and
its conjugate are
iγµ∂µΨ˜−mΨ˜ = g0A˜µγµΨ˜ , (56)
i∂µΨ˜γ
µ +mΨ˜ = −g0A˜µΨ˜γµ . (57)
Multiplying (56) by Ψ˜, (57) by Ψ˜ and taking the sum,
we find
∂µ
(
Ψ˜γµΨ˜
)
= 0 ⇒ Dˇµ
(
ΨγµΨ
)
= 0 , (58)
where we used the weighted derivative (14). This is the
Noether current arising from the symmetry under U(1)
transformations of the Lagrangian density (43).
Equation (54) allows us to set a relation between g,
gv and g0. By virtue of the U(1) symmetry, both (51)
and (54) must reduce to (58) when taking fabc = 0. This
happens only if
gv = g0 , g(x) =
√
v(x)g0 . (59)
These relations can also be obtained by noticing that
j˜µa = (g0/gv)
√
vjµa and requiring the usual vector-field
transformation between the fractional and the integer
picture.
Taking into account Eq. (59), we recast (41) as Fµν =
2D[µAν] + ig [Aµ,Aν ] and the equations of motion (48)
and (56) in the fractional picture:
∇νFµν = DνFµν + ig[Aν ,Fµν ] = −gΨγµΨ ,
0 = iγµ (DµΨ+ igAµ)Ψ−mΨ . (60)
One may wonder whether spacetime-dependent cou-
plings are a generic feature of multiscale models with
weighted derivatives [41], and whether also masses ac-
quire such dependence, as expected from simple consid-
erations in special relativity [42]. In this paper, we show
that variable charges do not lead unavoidably to vari-
able masses and that we can have a theory with varying
charges but with constant masses.
B. Multiscale electroweak model: Bosonic sector
We proceed to study the electroweak sector of the Stan-
dard Model. Its fundamental degrees of freedom are
massless spin-1/2 chiral particles and the gauge symme-
try group is SU(2)L ⊗ U(1), where SU(2)L acts only on
left fermions and U(1) is the weak-hypercharge symme-
try. In the usual theory, the coupling constants are g′0 and
g0, respectively, and they are related to the couplings in
the fractional picture by (59), g =
√
v g0 and g
′ =
√
v g′0.
Let us denote by Aaµ and Bµ the gauge fields of SU(2)
and U(1), respectively. The generators of SU(2) are
σa/2, σa being the Pauli matrices. The gauge covari-
ant derivative acting on a complex isodoublet Φ with
hypercharge Y = 1/2 is
∇µΦ =
(
Dµ + i
2
g′σaA
a
µ + igY Bµ
)
Φ ,
=
[
Dµ + i
2
g′
(
A3µ A
1
µ − iA2µ
A1µ + iA
2
µ −A3µ
)
+
i
2
gBµ
]
Φ.
(61)
The field-strength tensors are defined according to (41)
that, by taking (59) into account, reads
F aµν = DµAaν −DνAaµ − g′ǫabcAbµAcν , (62)
Bµν = DµBν −DνBµ , (63)
where we used the structure constants of the SU(2) gauge
group, fabc = ǫabc.
In the integer picture, from (27) the above covariant
derivative can be written as [v(x)]−1/2∇˜µφ˜i(x) and
∇˜µ =
[
∂µ +
i
2
g′0
(
A˜3µ A˜
1
µ − iA˜2µ
A˜1µ + iA˜
2
µ −A˜3µ
)
+
i
2
g0B˜µ
]
,
(64)
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while the field strengths are
F˜ aµν = ∂µA˜
a
ν − ∂νA˜aµ − g′0ǫabcA˜bµA˜cν ,
B˜µν = ∂µB˜ν − ∂νB˜µ , (65)
where F˜ aµν =
√
vF aµν and B˜µν =
√
vBµν .
The electroweak Lagrangian is Lew = LYM + LΦ −
V (Φ), with
LYM = −1
4
F aµνF
µν
a −
1
4
BµνB
µν , (66)
LΦ = − (∇µΦ)† (∇µΦ) , (67)
V (Φ) =
λ
4
(
Φ†Φ− 1
2
w2
)2
, (68)
where V (Φ) is the Higgs potential providing a nonzero
vacuum expectation value (VEV) to the Higgs doublet.
To obtain a Standard Model whose free sector is sta-
ble in the integer picture, both λ and w must acquire a
specific dependence on the measure weight v(x). In par-
ticular, it is necessary that the VEV w/
√
2 depend on
time and space via the relation
w(x) =
w0√
v(x)
, (69)
where w0 is the (constant) value of the parameter in the
usual theory. In fact, defining the Higgs scalar Φ˜ :=
√
vΦ
in the integer picture, the minimum of the Higgs potential
is at
Φ†Φ =
w2
2
⇒ Φ˜†Φ˜ = w
2
0
2
. (70)
Despite having a varying minimum in the fractional pic-
ture and a constant one in the integer picture, sponta-
neous symmetry breaking leads to a constant Higgs mass
in both pictures, provided we allow also λ˜ to vary. To
show this, let the VEV be
〈0|Φ|0〉 = 1√
2
(
0
w
)
⇒ 〈0|Φ˜|0〉 = 1√
2
(
0
w0
)
. (71)
The mass terms LM for the gauge fields are found by
replacing Φ by its VEV in the kinetic term LΦ for the
Higgs isodoublet:
LM = −1
8
w2
(
0, 1
)( g′A3µ + gBµ g′(A1µ − iA2µ)
g′(A1µ + iA
2
µ) −g′A3µ + gBµ
)2(
0
1
)
.
(72)
To diagonalize the mass matrix, we introduce the picture-
independent Weinberg angle θW:
θW := tan
−1 g
g′
= tan−1
g0
g′0
, (73)
and then denote, as usual,
W±µ :=
1√
2
(A1µ ± iA2µ) , (74)
Zµ := cos θWA
3
µ − sin θWBµ , (75)
Aµ := sin θWA
3
µ + cos θWBµ . (76)
The mass terms for the gauge fields read
LM = −M2WW+µW−µ −
1
2
M2ZZ
µZµ , (77)
where
MW :=
g′w
2
=
g′0w0
2
, (78)
MZ :=
g′w
2 cos θW
=
g′0w0
2 cos θW
. (79)
Notice that, just like the Weinberg angle, also the bo-
son masses do not depend on the picture (fractional or
integer).
With the above settings, the electromagnetic coupling
e can be extracted by looking at the interaction between
Aµ and A
a
µ in the Yang–Mills term:
e = g′ sin θW = g cos θW . (80)
Thanks to Eq. (59), these relations are compatible with
(31).
Finally, to get the Higgs mass, we parametrize the
Higgs doublet in the unitary gauge as
Φ =
1√
2
(
0
w + σ
)
, (81)
so that the Higgs potential reads
V (Φ) = U(σ) = σ2
λw2
4
(
1 +
σ
2w
)2
. (82)
The global scale λ(x) of the Higgs potential can be cho-
sen in such a way that the Higgs field σ has the same
constant mass in the fractional and integer picture. This
is obtained by fixing
λ(x) = v(x)λ0 , (83)
so that the Higgs mass reads
m2σ =
λw2
2
=
λ0w
2
0
2
. (84)
Overall,
U(σ) =
1
2
m2σσ
2 +
λw
4
σ3 +
λ
16
σ4 (85)
=
1
2
m2σσ
2 +
√
v(x)
λ0w0
4
σ3 + v(x)
λ0
16
σ4. (86)
C. Multiscale electroweak model: Leptonic sector
After dealing with the gauge bosons and the Higgs field
of the model, we turn our attention to leptons, consid-
ering for the sake of brevity only the electron and the
electron neutrino. The left-handed fermions are placed
in the weak isospin doublet L =
(
νe
eL
)
, whereas the right-
handed electron is an isospin singlet eR. The hypercharge
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assignments are YL = 1/2 and YR = 1. Then, gauge co-
variant derivatives are
∇µL =
(
Dµ + i
2
g′σaA
a
µ +
i
2
gBµ
)
L , (87)
∇µeR = (Dµ + igBµ)eR . (88)
With this, we arrive at the free fermion Lagrangian in
the fractional picture:
Lf = ieRγµ∇µeR + iLγµ∇µL . (89)
Combining Eqs. (74)–(76) and (87)–(89), we obtain
Lf = ieLγµDµeL + ieRγµDµeR + iνeγµDµνe
−geRγµ cos θWAµeR
−1
2
eLγ
µ (g′ sin θW + g cos θW)AµeL
+
1
2
νeγ
µ (g′ sin θW − g cos θW)Aµνe
+
1
2
eLγ
µ (g sin θW − g′ cos θW)ZµeL
+
1
2
νeγ
µ (g sin θW + g
′ cos θW)Zµνe
− 1√
2
g′
(
eLγ
µW−µ νe +H.c.
)
= ieLγ
µDµeL + ieRγµDµeR + iνeγµDµνe
−e eRγµAµeR − e eLγµAµeL
+
1
2
eLγ
µ (g sin θW − g′ cos θW)ZµeL
+
1
2
νeγ
µ (g sin θW + g
′ cos θW)Zµνe
− 1√
2
g′
(
eLγ
µW−µ νe +H.c.
)
, (90)
where H.c. stands for Hermitian conjugate. In the second
equality we used (80), which provides the correct electro-
magnetic coupling for both the left and right components
of the electron, leaving the neutrino neutral.
Finally, we consider a Yukawa interaction, through
which fermions acquire mass once the Higgs boson ac-
quires an expectation value. In the fractional picture, it
is defined as
LLΦ = −Ge (νe, e)LΦ eR +H.c. (91)
→ −Ge w√
2
eLeR +H.c. , (92)
where we have taken the VEV (71) and Ge is the Higgs-
lepton coupling. If we require the lowest-order electron
mass me to be constant in the integer picture at the tree
level, then
Ge(x) =
√
v(x)G0e (93)
and me = wGe = w0G0e in Eq. (92).
D. Multiscale chromodynamics: Inclusion of
quarks
The inclusion of quarks is straightforward. Without
loss of generality, we shall only consider the first quark
family, (u, d), that belongs to the fundamental represen-
tation of the SU(3) (color) gauge group, with generators
given by the 3× 3 Gell-Mann matrices λa, a = 1, . . . , 8.7
Color gauge potentials will be denoted by Caµ and the
strong coupling by gs. The relation between the strong
coupling in the fractional picture and the usual coupling
constant g0s in the integer picture is gs =
√
v g0s. The
first quark family (u, d) forms a left-handed Weyl spinor
qi, i = 1, 2 = u, d under SU(2) gauge transformations.
In the same way, we shall introduce the antiquarks u¯ and
d¯ which are singlets under SU(2). The bar over u¯ and d¯
are part of the definition of the field and it does not im-
ply any sort of conjugation. Hypercharge assignments for
the quarks are 1/6 for the Weyl doublet q and −2/3 and
1/3 for the singlets u¯ and d¯, respectively. Consequently,
the covariant derivatives read
(∇µq)αi = Dµqαi + igsCaµ(λa) βα qβi +
i
2
g′Aaµ(σa)
j
i qαj
+
i
6
gBµqαi , (94)
(∇µu¯)α = Dµu¯α + igsCaµ(λa)αβ u¯β −
2i
3
gBµu¯
α , (95)
(∇µd¯)α = Dµd¯α + igsCaµ(λa)αβd¯β +
i
3
gBµd¯
α . (96)
Then, the kinetic term for quarks in the fractional pic-
ture reads
Lq = iq†αiσ¯µ(∇µq)αi + iu¯†ασ¯µ(∇µu¯)α + id¯†ασ¯µ(∇µd¯)α ,
(97)
where σ¯µ = (1,−σa) and 1 is the 2 × 2 identity ma-
trix. A mass term for quarks cannot be included because
there is no gauge-group singlet contained in any of the
products of their representations, as is well known. Con-
sequently, mass terms for quarks arise only after sponta-
neous symmetry breaking. To this purpose, we introduce
the Yukawa couplings between quarks and Higgs field,
LYuk = y′ǫijΦiqαj u¯α − y′′Φ†iqαid¯α +H.c. , (98)
where Φi are the two components of the Higgs field Φ
and y′, y′′ are two couplings in the fractional picture,
related to the constant couplings of the integer picture
by
√
v y′0,
√
v y′′0 .
In the unitary gauge, the Higgs field has the form (81)
and (98) reads
LYuk = −σ + w√
2
[
y′(uαu¯
α+ u¯†αu
†α) + y′′(dαd¯
α+ d¯†αd
†α)
]
.
(99)
7 To avoid a proliferation of symbols, we shall adopt Latin indices
a, b, c, . . . to enumerate gauge generators. It will be clear from the
context whether the index refers to an SU(3) or SU(2) generator.
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Defining a pair of Dirac Fermions Ψu and Ψd for the up
and down quarks as
Ψu =
(
uα
u¯†α
)
, Ψd =
(
dα
d¯†α
)
, (100)
we immediately recognize in (99) the Dirac mass terms
for the (u, d) quarks,
mu =
y′w
2
=
y′0w0
2
, md =
y′′w
2
=
y′′0w0
2
. (101)
As expected, the masses in the fractional picture are
equal to the masses in the integer picture. The remaining
σ-dependent terms in (99) provide the Yukawa couplings
between the Higgs and up and down quarks.
E. Classical symmetries
It has been recognized since early works that multi-
scale field theories break Poincare´ invariance due to the
explicit breaking of translation and rotation invariance
by the measure. An inspection of the Poincare´ algebra
refines this conclusion.
The first step is to define the generators of the “frac-
tional” generalization of translations, rotations, and
boosts in the theory with weighted derivatives, the only
difference with respect to the usual case being in the type
of derivatives involved. Then, one can derive the trans-
formation rules for tensor fields. This was done in [38]
for a scalar field φ, where it was found that φ is a scalar
density of weight −1/2 with respect to the measure. This
is obvious from the fact that φ˜ = φ/
√
v is an ordinary
scalar when the theory is recast in the integer picture.
Actually, the results of [38] apply to fields of any tenso-
rial rank: in the construction of the preceding sections,
the same density weight
√
v connects rank-0 and rank-
1 fractional fields with ordinary fields. The same rule
applies to rank-2 and higher tensors [43].
The second step is to check what type of algebra the
fractional Poincare´ generators (which, we stress again, do
not represent ordinary transformations) obey. It turns
out that, for the scalar theory with weighted derivatives,
it is the standard Poincare´ algebra only in the absence of
nonlinear interactions [38]. When nonlinear interactions
are switched on, the algebra is deformed; for instance,
the Poisson bracket between the fractional momentum
and the Hamiltonian does not vanish. It is easy to ex-
tend this conclusion to the full Standard Model defined
here: the Poincare´ algebra holds in all sectors except
the Higgs, which is the only one containing nonlinear in-
teractions (see Sec. IVB for related comments). As we
will discuss in the next section, the physical symmetries
of the system are those valid in the fractional picture.
Therefore, even if the action is formally the standard one
in the integer picture, one can conclude that standard
Poincare´ invariance is not a classical physical symmetry
of the theory.
Having discussed the transformation properties of the
fields and violation of local Poincare´ symmetries, let us
consider discrete Lorentz transformations (charge con-
jugation C, parity P, and time reversal T). Recall that
the requirement of having a nonnegative-definite measure
implies that the geometric coordinates are odd under re-
flection qµ(−xµ) = −qµ(xµ). Since the measure weight
(9) is even in the coordinates, the classical theory is in-
variant under parity and time-reversal transformations
PT. The presence of measure weights does not affect the
charge properties of spinors, so also C is preserved.
Quantum symmetries will be commented upon in
Sec. VI.
IV. PHYSICS OF THE THEORY WITH
WEIGHTED DERIVATIVES
After building the Standard Model in the theory with
weighted derivatives, we turn to analyze its physical con-
sequences. In particular, there are some pending ques-
tions left from previous studies and mentioned in Sec. I.
Is the quantum theory well defined? Can accelerators
unravel an anomaly in the dimension of spacetime?
We have already formulated the problem of choice be-
tween the fractional and the integer picture, which is rele-
vant for the issue of the observational consequences of the
theory. In Sec. IVA, we will recall (also with some new
results compared to [41]) why it can be difficult or even
impossible to formulate a predictive perturbative quan-
tum field theory in spacetimes with weighted derivatives.
Next, in Sec. IVB we will see how problems disappear in
the case of the Standard Model. Combining the results
of this paper with those of [43, 55], in Sec. IVC we even-
tually show that the theory with weighted derivatives is
self-consistent, well defined as a quantum field theory and
nontrivial. However, signatures of an anomalous dimen-
sion must be looked for either in the electromagnetic sec-
tor or away from accelerators, in experiments of atomic
physics or in the realm of astrophysics and cosmology.
A. Quantum interactions
In principle, the triviality of the integer picture can be
easily broken in the presence of nonlinear interactions:
couplings λ˜i(x) acquire a nontrivial measure dependence
which is impossible to absorb. However, nonconstant
couplings make the quantum field theory hard to deal
with. In the multiscale scenario with weighted deriva-
tives, the nonconservation of the energy-momentum ten-
sor in the fractional picture implies that momentum
along the µ direction spreads out for a generic αµ. For
very special values of αµ, momentum is perturbatively
conserved at the quantum level at least if the perturba-
tive series is truncated at any finite order [41] but, unfor-
tunately, a proof of conservation at all orders is missing
due to the difficulty in formulating Feynman rules even
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in this special case. Let us now recall the problem in the
example of a scalar-field theory in multiscale Minkowski
spacetime in D topological dimensions, with Lagrangian
L = −DµφDµφ/2− V (φ) and potential
V (φ) =
1
2
m2φ2 + λ0
φn
n!
, n = 3, 4, . . . . (102)
For this theory, the matrix element 〈f|i〉 on two-particle
states has been computed in [41] for n = 3 and the frac-
tional measure weight (8). Here we extend these results
to arbitrary n and the more realistic measure profile (10),
which represents a geometry with a D-dimensional in-
frared limit.
In the integer picture, the model can be recast as an or-
dinary field theory but with potential V˜ (φ˜) = m2φ˜2/2 +
λ(x)φ˜n/n!, where φ˜ =
√
vφ and λ(x) = λ0[v(x)]
1−n/2
[38]. The tree-level n-valent vertex in the integer picture
is then
V˜(k1, . . . , kn) = i
∫
dDxλ(x) eix·ktot
= iλ0
∏
µ
∫
dxµ [vµ(x
µ)]1−n/2eixµk
µ
tot ,
(103)
where kµtot =
∑n
i=1 k
µ
i and Einstein sum conventions are
not used in the second line. For the measure weight (10),
we can expand the integral in an infrared and late-time
regime vµ ≃ 1 + δvµ, where δvµ ∝ |xµ/ℓµ∗ |αµ−1 ≪ 1:
V˜(k1, . . . , kn) = V˜0 + δV˜ +O(δv2) , (104)
V˜0(k1, . . . , kn) = iλ0
∏
µ
∫
dxµ eixµk
µ
tot , (105)
δV˜(k1, . . . , kn) = −
(n
2
− 1
)
iλ0
∑
µ
δV˜µ , (106)
δV˜µ(k1, . . . , kn) =
∫
dxµ
∣∣∣∣xµℓµ∗
∣∣∣∣
αµ−1
eixµk
µ
tot . (107)
While in our case v1−n/2 ≃ 1 − (n/2 − 1)δv, in [41] we
only have (δv)1−n/2. This leads to an important differ-
ence between (107) and the vertex in [41], apart from
the value and sign of the prefactor: the exponent in the
integrand. Here, for each direction (label µ omitted) we
have α−1, while in [41] one has β−1 := (α−1)(1−n/2).
Consequently, the allowed values of αµ for which one can
obtain user-friendly Feynman rules will differ with re-
spect to [41] [see Eq. (20) therein].
Equation (104) is the standard vertex V˜0 =
iλ0(2π)
Dδ(ktot), where δ is the D-dimensional Dirac
delta. Equation (107) conserves momentum only for spe-
cial values of the exponent. If αµ = 2lµ + 1 with lµ ∈ N,
then
δV˜µ = 2π
(ℓµ∗ )2lµ
(−1)lµ
(2lµ)!
δ(2lµ)(kµtot) , (108)
where δ(2lµ) is the derivative of order 2lµ of the one-
dimensional delta.
At this point, one recognizes three major problems
with (108). First and foremost, due to the presence of
derivatives acting on the delta distribution, it is not guar-
anteed that the effective vertex from the infinity of loop
diagrams will have support at ktot = 0. Second, it is
difficult to compute loop diagrams with vertices (108)
unless one further assumes that only one direction µ¯ is
anomalous, while vµ = 1 for all the other µ 6= µ¯. This
assumption seems a necessary technical demand but it
reduces the generality of the model drastically. Third,
even ignoring the previous two issues it is hard to embed
the model in multiscale spacetimes, where the fractional
exponents αµ take values in the interval (0, 1] [31, 32].
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The nontrivial values αµ = 3, 5, 7, . . . allowed here do not
fit in such a range.
B. Standard Model in the integer picture
We now apply the above considerations to the Stan-
dard Model built in Sec. III. The first observation we
make is that, contrary to expectations of Sec. IVA, the
integer picture is trivial, i.e., the model is an ordinary
quantum field theory.
Thanks to the field redefinition (44), we have been able
to recast the system (43) with weighted derivatives and
spacetime-dependent couplings as the system (46) where
the Lagrangian L˜ := vL has ordinary derivatives and
constant couplings. The constancy of all the couplings is
a consequence of Eq. (59). Since the system in the frac-
tional picture (43) is the same as the one in the integer
picture (46), there is no nontrivial information in (43).
A similar exact equivalence between the fractional and
the integer picture was shown in [40] for electrodynam-
ics. Both electrodynamics and its weak-strong-force ex-
tension are interacting theories, as fermions couple with
gauge fields via three-legged vertices of the form ψ¯(gA)ψ.
Homogeneity of the covariant derivative (i.e., the deriva-
tive and gauge terms must scale in the same way) and the
requirement of a clear notion of gauge invariance forced
us to assume a coupling g(x) with a specific spacetime
dependence. However, the profile g(x) is such that inter-
actions of the type “B2A” are trivial because they are
at most quadratic in the fields A and B. The two spinor
fields in ψ¯(gA)ψ reabsorb the weight v in the integration
measure, while the bosonic vector combines with the cou-
pling so that gA = g0A˜. Thus, the vertex in the integer
picture has no v(x) factors.
8 In the ultraviolet, for αµ > 1 one would obtain a spacetime di-
mension larger than in the infrared, a possibility not unphysical
but not usually realized in quantum gravity, either. For αµ < 0,
the dimension in the ultraviolet may be ill defined (negative defi-
nite). If only some of the exponents take large or negative values,
then one can still obtain a well-defined spacetime dimensionality
across all scales and the interval (0, 1] can be slightly extended.
This may not be true in other multiscale theories [31].
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The Higgs sector is also trivialized in the integer pic-
ture. After the field redefinition σ˜ =
√
vσ, the potential
(86) becomes the usual one:
v U(σ) = U˜(σ˜) =
1
2
m2σσ˜
2 +
λ0w0
4
σ˜3 +
λ0
16
σ˜4. (109)
Order by order, the measure dependence of the couplings
is exactly reabsorbed. This phenomenon is not possible
with a potential with only one nonlinear term, as in (102);
the problems found in [41] are thus avoided.
Notice that the cancellations leading to (109) are not
an accident due to the mutual dependence of the cou-
plings. Their main cause is the requirement that shifts
of the field σ be homogeneous in the anomalous scaling,
i.e.,
σ(x) = σ′(x) − σ0(x) (110)
in the fractional picture implies σ˜(x) = σ˜′(x) − σ˜0 in
the integer picture, where σ˜0 =
√
v(x)σ0(x) [this is the
equivalent of (69)].9 To see this, consider the potential
U(σ) = a0 + a1σ + a2σ
2 + a3σ
3 + a4σ
4 (111)
instead of (86). The constant and linear terms can be
eliminated by the shift (110). Substituting (110) into
(111), the coefficients of the constant and linear terms
vanish if, and only if, a′0 = a0 − a1σ0 + a2σ20 − a3σ30 +
a4σ
4
0 = 0 and a
′
1 = a1 − 2a2σ0 + 3a3σ20 − 4a4σ30 = 0.
Plugging these relations back into the potential and tak-
ing into account the overall measure prefactor v, we have
an ∝ 1
v(x)σn0 (x)
∝ [v(x)]n2−1, (112)
precisely as in (86).
C. Fractional versus integer picture
Since all couplings are constant in the integer picture,
the quantum field theory is well defined and manageable
at all perturbative orders. However, the inevitable con-
clusion is that the theory with weighted derivatives is
not multiscale at all in the integer picture: it is formally
equivalent to the ordinary Standard Model in Minkowski
spacetime. Also, it is easy to convince oneself that any
measurement of time or space intervals will be the same
in both pictures: when moving back to the fractional
picture, one undoes the field redefinition (27) but coordi-
nates remain untouched. Therefore, even if intervals are
calculated theoretically with a nontrivial measure, the
measurement units remain the same.
On top of all this, we have seen that the couplings in
the weak sector combine in a neat way eliminating the
9 In turn, homogeneity in the shift implies constancy of the mass.
measure dependence. In Sec. VC we will describe the
example of the lifetime of the muon and check that the
usual prediction is obtained, even in the fractional pic-
ture. The strong sector follows a similar fate. Therefore,
a flat multiscale world with weighted derivatives com-
pletely and solely described by weak and strong interac-
tions cannot be tested in particle accelerators.
Does this mean that the theory is trivial? The answer
is No. As said in Sec. II D, a trivial integer picture does
not necessarily imply that there is no observable conse-
quence of having a multiscale geometry. The two caveats
“flat” and “completely and solely” forbid to draw a sim-
ilar conclusion for all multiscale systems with weighted
derivatives. Couplings which are measured directly can
bear the marks of a multiscale geometry. The electric
charge Q(t) in (19) is one such case [40] and the Lamb-
shift example of Sec. IVD will reiterate the point. The
caveat on flatness of the background covers many subtle
points, which will be described in the following.
1. Without gravity
Systems described by statistical or particle mechanics
can feel the distinct presence of an anomalous scaling, via
quantities such as the density of states per unit energy.
Examples are the random motion of a molecule [39], the
dynamics of a relativistic particle [42] and the black-body
radiation spectrum [55], all processes with a characteris-
tic energy much smaller than that in the center of mass
of subatomic scattering events. This does not mean, of
course, that multiscale effects are more prominent at low
energies: the corrections to standard results are progres-
sively smaller as the energy decreases, and effects of the
anomalous geometry are virtually undetectable at meso-
scopic scales. Rather, the reason why statistical and
particle-mechanics systems yield nontrivial predictions is
that they are not subject to requirements as severe as
those we imposed on a quantum field theory, namely the
constancy of masses (to allow for a manageable quantum
perturbative treatment) and the enforcement of gauge
symmetries. Such constraints, purely dictated by the way
we are able to deal with quantum fields, limit the way
the field-theory degrees of freedom couple nonlinearly.
On the other hand, statistical and particle-mechanics
settings are intrinsically nonlinear, either through the
stochastic interaction of a degree of freedom with the
environment (as in the multiscale Brownian motion of a
particle [39]), or by definition of the action (as for the
relativistic particle [42]), or via the collective description
of microscopic degrees of freedom (as in the frequency
distribution of a thermal bath of photons [55]).10
10 We have to mention that all these systems have another prop-
erty in common: they treat space coordinates xi and time t (or
diffusion time σ [39], or proper time τ along a geodesic [42]) on a
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2. With gravity
Acting as the Devil’s advocate, one might object that a
choice of frame is a somewhat weak expedient to save the
Standard Model with weighted derivatives from a death
sentence. This point of view would disregard the funda-
mental change of perspective entailed in multiscale ge-
ometries, where multiscale measurements are performed
with multiscale instruments by multiscale observers. But
even granting that, by definition, there is no physical
equivalence of the fractional and the integer picture, the
almost triviality of the StandardModel in the theory with
weighted derivatives is somewhat disappointing. After
all, one would have liked to constrain a new spacetime
geometry in all possible sectors of physics, especially in
one which is subject to the most severe precision tests in
science and is undergoing the recent and exciting develop-
ments of LHC. However, until now we have ignored a fun-
damental factor of discrimination between the fractional
and the integer picture. This factor is model indepen-
dent, it neutralizes the “equivalence of frames” staunch
different footing. This gives rise, in general, to an ambiguity in
the measure weight along different directions, which the theory
can constrain only by combining the information of all these dif-
ferent systems. For example, by themselves stochastic methods
are unable to fix the anomalous weight v0(σ) along diffusion time
and there are different possible values for the spectral dimension
ds of spacetime [39]. In parallel, in nonrelativistic mechanics [36]
the weight v0(t) along the particle trajectory can be arbitrarily
chosen among the allowed shapes dictated by fractal geometry
(Sec. IIA). When constraining the weights wµ(τ) for a relativis-
tic particle by matching the action with the nonrelativistic limit,
one is forced to conclude that v0(σ) = v0(t) = 1 = wµ(τ) and
that the time direction is ordinary [42]. This fixes the ambiguity
in stochastic processes and determines the spectral dimension to
be the ordinary one, ds = D. In turn, a nonanomalous time
would exclude the variation of the electric charge and of the
fine-structure constant found in [40], Eq. (3). In [42], it was sug-
gested to pick the relativistic action as the basic definition for
the dynamics of a single particle, and to simply accept its non-
relativistic limit as it is. Then, one does not have to match such
limit with the less fundamental construction of [36], the weights
are unconstrained and so is the spectral dimension and the ge-
ometry of time. Then, the dynamics of charged particles does
not admit a trivial integer picture. This is not in contradiction
with the results on the Standard Model obtained in [40] and in
the present paper. Even regarding quantum field theory as the
fundamental framework where all the rest of the physics should
ideally stem (via thermodynamical or nonrelativistic approxima-
tions), a standard Standard Model in the integer picture does
not imply a standard particle mechanics or a standard spectral
dimension in the integer picture. The above-mentioned nonlin-
earities intervening in the limit from field theory to particle and
stochastic mechanics make such transition highly nontrivial.
The presence of ambiguities in the formulation of certain
atomic-mesoscopic sectors may suggest that the theory with
weighted derivatives is not a fundamental description of Nature
but, rather, an effective model valid in regimes where effects of
the putative fundamental anomalous geometry become apparent.
This possibility depends on the overall control we can exercise on
the theory and it is not excluded by our present level of knowl-
edge.
viewpoint and it becomes active when gravity joins the
game and matter is coupled to a generic nonflat back-
ground with metric gµν .
Consider the analogy of a similar problem of choice be-
tween the Einstein and the Jordan frame in scalar-tensor
theories. The two frames are physically equivalent both
classically and at the quantum level to first order in per-
turbation theory (also in a cosmological sense), but they
differ in a nonlinear quantum regime. At that point, a
choice of frame is necessary according to some criterion.
For instance, one might regard the Jordan frame as the
fundamental one because it is the frame where matter
follows the geodesics. Another example of frame choice
solved by a careful definition of the theory is the class of
varying-speed-of-light models (see again [40] for a discus-
sion and a comparison with multiscale spacetimes).
Similarly, in the integer picture the multiscale theory
with weighted derivatives is not general relativity with
minimally coupled matter, and one can never trivialize
the theory to the ordinary one as in the flat case (28).
The gravitational dynamics of the theory with weighted
derivatives was studied in [43]. There are two versions
of the gravitational sector. One has a standard gravita-
tional field and the action is the same as the multiscale
theory with ordinary derivatives:
Sg[v, φ
i] =
1
2κ2
∫
dDx v
√−g [R− ω(v)∂µv∂µv − U(v)]
+S[v, φi] , (113)
where ω and U are functions of the weight v, R is the
ordinary Ricci scalar and S[v, φi] is the matter contribu-
tion. Even setting ω = 0 = U , the gravitational sector
is not the Einstein–Hilbert action, due to the presence
of v. Absorbing weight factors into the matter fields φi
with the picture change (27) requires a redefinition of
the metric gµν → g˜µν . Indeed, one can go to the integer
picture (Einstein frame) where the gravitational action is
∝ ∫ dDx√−g˜ R˜ but not without reintroducing nontrivial
terms ω˜ 6= 0 6= U˜ for the measure weight. These terms
affect the cosmic evolution [43]. The equations of mo-
tion are different from those in an ordinary scalar-tensor
theory, since v is not a scalar field and the action is not
varied with respect to it.
The other version of the gravitational sector is more
interesting, since the metric is not covariantly conserved
[∇σgµν = ∓(∂σ ln vβ)gµν , where β is a constant] and the
geometry corresponds to a Weyl-integrable spacetime.
The total action reads
Sg[v, φ
i] =
1
2κ2
∫
dDx v
√−g [R− ωDµvDµv − U(v)]
+S[v, φi] , (114)
where R is the Ricci scalar constructed with weighted
derivatives of order 0 (ordinary derivatives) and β [β =
1/2 in (13) and β = 1 in (14)] [43]. As in the model (113),
a change of picture does not lead to standard general
relativity plus matter and the dynamics is different from
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(and much more constrained than) that of scalar-tensor
scenarios in both frames.
Again, we should be careful about the issue of the phys-
ical (in)equivalence between the fractional and the inte-
ger picture. As for scalar-tensor models, from a simple
visual inspection of the actions one cannot conclude that
the Jordan and Einstein frames define different physics.
What matters are the physical observables. For scalar-
tensor theories in a classical cosmological homogeneous
setting, the two frames are equivalent [60, 61], while a
similar result does not hold for the multiscale theory with
weighted derivatives since the fractional picture is postu-
lated to be the fundamental frame. At any rate, the
homogeneous classical cosmology of the multiscale the-
ory is physically distinguishable from the usual one even
in the integer picture (Einstein frame), since ω˜ 6= 0 6= U˜ .
Moreover, at the quantum inhomogeneous level the phys-
ical equivalence between the Jordan and Einstein frames
in scalar-tensor theories is broken [62–65]. The same is
true for the multiscale case.
To summarize, the multiscale field theory with
weighted derivatives is self-consistent, predictive in all its
sectors (particle phenomenology, cosmology, and so on)
and can be physically told apart from its ordinary coun-
terpart by appropriate measurements taking place in the
electromagnetic sector and, more generally, at atomic or
higher scales. Let us see an example in quantum electro-
dynamics: the well-known Lamb shift effect.
D. Lamb shift
Since the only sector in the Standard Model where the
theory with weighted derivatives produces observable ex-
otic consequences is electrodynamics, we pick one of the
most precise and accurate QED experiments available:
the measurement of the Lamb shift. This will be more
than enough to test the theory in the context of the Stan-
dard Model of quantum particles. In this section, we
specialize to D = 4 topological dimensions.
According to Bohr’s model, the spectrum of the elec-
tron in the hydrogen atom depends only on the principal
quantum number n. Quantum field theory corrects this
result. The emission and absorption of virtual photons
by electrons and the production of virtual electrons in
internal photon lines in Feynman diagrams give rise to a
splitting of the spectral lines of different spin orbitals l
and, in particular, a shift in the energy of the 2P1/2 state
(n = 2, l = 1) with respect to the 2S1/2 state (n = 2,
l = 0). The measurement of this shift is one of the
precision tests of quantum electrodynamics and has by
now been verified for a number of light hydrogenic atoms
(hydrogen, deuterium D, helium ion He+, muonium and
positronium) [66, 67]. For instance, the measured shift
∆E = E2S − E2P between the 2S-2P levels of hydrogen
is [68]
∆E = 1057.8446(29)hMHz = 4.37489(1)× 10−6 eV ,
(115)
where h is Planck’s constant, we used the conversion
1MHz×h ≈ 4.13567×10−9 eV and the numbers in round
brackets denote the first nonzero digits of the 1σ-level ex-
perimental error and apply to the last figure(s) given in
the number. A very close value has been found for the 2S-
2P Lamb shift of deuterium, ∆ED = 1059.234(3)hMHz
[68], while for ionic helium ∆EHe
+
= 14041.1(2)hMHz
[69]. The theoretical values predicted by quantum elec-
trodynamics are all in excellent agreement with these ob-
servations.
The theoretical prediction for the Lamb shift consists
of a sum of various contributions, including radiative
corrections, form factors, two-particle recoil, and so on.
Since we want to make an order-of-magnitude estimate
of multiscale effects at scales larger than t∗ and ℓ∗, it is
sufficient and self-consistent to retain only leading-order
terms in the fine-structure constant, which is the only
source of such effects.
The leading contributions to the energy level En,l,j are:
(a) one-loop radiative insertions in the electron line and
the Dirac form-factor contribution, (b) the contribution
of the Pauli form factor F2 and (c) the one-loop correc-
tion from the polarization operator. In ordinary quantum
electrodynamics, one has [66]
En,l,j = Erad + EF2 + Epola , (116)
with
Erad =
{[
1
3
ln
m
mr (Zα˜qed)2
+
11
72
]
δl0
−1
3
ln k0(n, l)
}
4α˜qedm(Zα˜qed)
4
π n3
(mr
m
)3
,
(117a)
EF2
∣∣∣
l=0
=
α˜qed(Zα˜qed)
4m
2π n3
(mr
m
)3
, (117b)
EF2
∣∣∣
l 6=0
=
α˜qed(Zα˜qed)
4m
2π n3
× j(j + 1)− l(l+ 1)− 3/4
l(l+ 1)(2l + 1)
(mr
m
)2
, (117c)
Epola = −4α˜qed(Zα˜qed)
4m
15π n3
(mr
m
)3
δl0 , (117d)
where ln k0(n, l) is the Bethe logarithm (a computable
function of the principal and orbital quantum numbers),
Z is the atomic number of an atom with nucleus mass
M , m is the electron mass, mr = mM/(M +m) is the
reduced mass and α˜qed = e
2
0/(~c) is the fine-structure
constant (e0 being the electric charge), denoted like this
in order to distinguish it from the fractional charge α.
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For the 2S1/2-2P1/2 Lamb shift of hydrogen, Z = 1 and
∆E = E2,0,1/2 − E2,1,1/2
=
[
ln
mk0(2, 1)
mr α˜2qedk0(2, 0)
+
19
30
+
m
8mr
]
α˜5
qed
m
6π
(mr
m
)3
.
(118)
In the theory with weighted derivatives, these formulæ
are readily obtained in the integer picture. When con-
verting them to the fractional picture, the energies on the
left-hand sides and the masses on the right-hand sides re-
main unaffected but the fine-structure constant acquires
a time dependence stemming from the observed electric
charge (19) on the measure in the time direction [40]. In
our units, in the fractional picture one has
αqed(t) = Q
2(t) =
e20
v(t)
=
α˜qed
v(t)
. (119)
The fine-structure constant is time dependent and space
independent, but not by virtue of an arbitrary assump-
tion: it is a consequence of the conservation law of
Noether currents in the theory; see [40] for details. For
the binomial profile (10b), we get
α˜qed = αqed(t) v∗(t) = αqed(t)
(
1 +
∣∣∣∣ tt∗
∣∣∣∣
α0−1
)
. (120)
Here, αqed(t) is the observed fine-structure constant,
measured at some time t which depends on the exper-
iment. For measurements of the spectra of cosmologi-
cally distant objects such as quasars, t is the cosmic time
that passed since the emission of light of such objects.
For a particle-physics experiment, t is the characteristic
time tqed ∼ 10−21–10−16 s of the electromagnetic interac-
tion, corresponding to the lifetime of unstable particles
that decay via such interaction. Because of (120), at
any given time t = texp, αqed(texp) < α˜qed and the ef-
fect of the multiscale geometry is a change in magnitude
of the measured fine-structure constant, always smaller
than the usual one.
Plugging (120) into (118) and expanding for t≫ t∗ to
first order, one obtains
∆E ≃ ∆E(0) +∆E(1)
∣∣∣∣ t∗t
∣∣∣∣
1−α0
, (121)
∆E(1) =
[
5 ln
mk0(2, 1)
mr α2qedk0(2, 0)
+
7
6
+
5m
8mr
]
×α
5
qed
m
6π
(mr
m
)3
≃
[
5 ln
k0(2, 1)
α2
qed
k0(2, 0)
+
43
24
]
α5
qed
m
6π
, (122)
where ∆E(0) is the standard theoretical prediction,
∆E(1) is the correction due to anomalous-geometry ef-
fects and in the last step we further approximated
mr/m ≈ (0.5107MeV)/(0.5110MeV) ≈ 1. For the hy-
drogen atom, k0(2, 0) = 16.64 and k(2, 1) = 0.97 [70]
(reported also in [66]), while αqed(tqed) = 7.3 × 10−3
as measured in quantum-electrodynamics experiments.
This gives ∆E(1) ≈ 2 × 10−5 eV. If we assume that the
experimental uncertainty δE ≈ 10−11 eV in (115) gives
an upper bound on the multiscale correction, we can de-
rive an upper bound for the characteristic time t∗:
t∗ < tqed
∣∣∣∣ δE∆E(1)
∣∣∣∣
1
1−α0
. (123)
Taking the upper limit tqed = 10
−16 s to be conservative,
one can plot the right-hand side of (123) as a function of
0 < α0 < 1. We find a global maximum at α0 = 0, which
yields the absolute upper bound
t∗ < 5× 10−23 s , (124)
while for α0 = 1/2
t
(α0=1/2)
∗ < 2× 10−29 s . (125)
These are the bounds (1) and (2) announced in Sec. I B.
V. STANDARD MODEL WITH q-DERIVATIVES
A. Multiscale Standard Model
Contrary to the case with weighted derivatives, theo-
ries with q-derivatives on multiscale Minkowski spacetime
are defined to be invariant under the q-Poincare´ trans-
formations (23) (and, for the oddness of the geometric
coordinates under reflections, also under CPT). The dy-
namics is therefore straightforward: it is the usual one
with the replacement (22) and
Dµ → ∂qµ . (126)
For instance, the Yang–Mills Lagrangian (66) is now de-
fined with
F aµν =
∂Aaν
∂qµ(xµ)
− ∂A
a
µ
∂qν(xν)
− g′ǫabcAbµAcν , (127)
Bµν =
∂Bν
∂qµ(xµ)
− ∂Bµ
∂qν(xν)
, (128)
instead of Eqs. (62) and (63). All the couplings are con-
stant:
λ = λ0 = const, w = w0 = const, (129)
g = g0 = const, g
′ = g′0 = const. (130)
In the covariant derivatives (61), (87) and (88) one makes
the replacement (126). The Lagrangian (91) has a con-
stant Yukawa coupling Ge.
Also the sector of strong interactions follows through:
the Lagrangian Lq +LYuk is given by Eqs. (97) and (98)
with the replacement (126) in the covariant derivatives
and with constant Yukawa couplings
y′ = y′0 = const, y
′′ = y′′0 = const . (131)
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B. Physics of the theory with q-derivatives
Now we come to the physical implications of the
multiscale theory with q-derivatives. Since the frame
where physical measurements are performed is estab-
lished uniquely, it is possible to predict a deviation
of particle-physics observables from the standard lore.
However, when the action is written explicitly in x co-
ordinates, it resembles an inhomogeneous field theory in
ordinary spacetime with noncanonical kinetic terms and
nonconstant couplings. For example, the action of a real
scalar field with polynomial potential in 1+1 dimensions
would be
Sφ =
∫
d2q
{
1
2
[∂q0(t)φ]
2 − 1
2
[∂q1(x)φ]
2 −
∑
n
λnφ
n
}
=
∫
d2x
{
v1(x)
2v0(t)
φ˙2 − v0(t)
2v1(x)
(∂xφ)
2
−
∑
n
[v0(t)v1(x)λn]φ
n
}
, (132)
where we have ignored gravity. From this point on, we
proceed as in the case with weighted derivatives. Since
we do not know how to define a quantum field theory with
varying couplings and nonhomogeneous kinetic terms, it
is necessary to perform all calculations in geometric co-
ordinates. Therefore, we transform to the integer picture
via (22) where the theory looks trivial and one can bor-
row all the known calculations in the Standard Model.
At the end of the day, any “time” or “spatial” interval
or “energy” predicted are not a physical time or spatial
interval or energy, since they are measured with q-clocks,
q-rods or q-detectors. The results must be reconverted
to the fractional picture to interpret them correctly. A
discussion on the use of nonadaptive clocks and rods at
different scales can be found in [37].
In the next subsections, we illustrate the idea with the
examples of the muon decay rate and of the Lamb shift.
C. Muon decay rate
Consider a massive particle with mass m in ordinary
spacetime. Its quantum propagator in momentum space
is proportional to [k2+m2+Π(k2)]−1; at one loop, Π(k2)
is the contribution of the one-particle irreducible bub-
ble diagrams. In the on-shell regularization scheme, m2
is the physical mass and the propagator has a simple
pole at k2 = −m2, so that Π(−m2) = 0. Calculating
Π(−m2) and imposing that it vanishes determines the
counterterm to be added to the Lagrangian. However,
if Π(−m2) =: imΓ is purely imaginary one is meeting a
resonance, i.e., an unstable particle. In this case, in a
neighborhood of the mass shell, the propagator can be
written as ∝ (k2 + m2 + imΓ)−1, where Γ is called de-
cay width and has the dimension of a mass. The name
stems from the fact that the propagator in the rest frame
is proportional to the quantum amplitude describing the
decay of the resonance. The square of the amplitude
is the relativistic Breit–Wigner probability distribution
fBW(E) = c(m,Γ)Γ/[(m
2 − E2)2 + (mΓ)2], where E is
the resonance energy in the center of mass and c is a
constant whose dependence on Γ is such that c→ 2m2/π
and fBW(E) → 2mδ(E2 −m2) in the limit Γ → 0; this
distribution is sharply peaked at E = m.
The decay width can be calculated explicitly for the
unstable particles appearing in the Standard Model. To a
scattering process described by a one-particle initial state
|i〉 and a many-particle final state |f〉, one associates the
Feynman amplitude 〈f|i〉 which is computed according to
the particles involved and up to a certain perturbative
order. From the (nonnormalized) transition probability
P(i→ f) = |〈f|i〉|2, one extracts the decay rate Γ for the
resonance |i〉. In the case of the muon, the process is
µ− → e−νeνµ and it is mediated by a gauge boson W .
Neglecting the masses of the electron e− and the neutrino
νe, in D = 4 one has
Γ =
G2Fm
5
mu
192π3
+ · · · , (133)
where GF =
√
2g20/(8M
2
W) is Fermi constant, mmu is the
muon mass and the ellipsis denotes loop corrections to the
tree-level contribution. The mean lifetime of the muon is
defined by
τmu = τ0 :=
~
Γ
(in ordinary spacetime). (134)
Let us now see the case of multiscale spacetimes. In
the theory with weighted derivatives, the propagator is
the same as the usual one up to a measure-dependent
normalization [38] and the decay rate Γ is defined exactly
in the same way.11 The quantum field theory is dealt with
in the integer picture, the final tree-level result is (133)
(clearly, also loop corrections would follow through the
standard calculation), there are no unit changes when
reverting back to the fractional picture and the mean
lifetime of the muon is (134): the physics is insensitive
to the anomalous properties of the geometry.
11 For models with weighted derivatives, quantum-mechanical and
stochastic probability distributions usually differ from the stan-
dard ones only by an energy-dependent normalization [39, 55].
This normalization can actually change the profile of the density
of states, since it is measure dependent and it can be singular
at the special points of the measure. Therefore, in the fractional
picture the Breit–Wigner distribution would be something of the
form C(E) fBW(E) and it would not be possible to interpret Γ
as the width. However, on one hand there does not seem to be
easy alternative ways to define the decay width in the fractional
picture (after all, Γ is introduced from the propagator and the
latter is trivially modified [38]) and, on the other hand, the inter-
pretation of Γ is clear in the integer picture and does not require
such modifications.
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In the theory with q-derivatives, one works in the in-
teger picture and obtains (133). However, Γ is no longer
the inverse of the muon lifetime. The propagator of the
resonance is ∝ [p(k)2 + m2mu + immuΓ]−1 and Γ is still
the width of the Breit–Wigner distribution, but the in-
verse of Γ is a composite object. From the form of the
propagator, it is natural to make the identification
Γ = p0
(
~
τmu
)
(25)
=
1
q0(τmu/~)
, (135)
and the physically observed muon lifetime is found by
inverting the relation (from now on, ~ = 1)
q0(τmu) =
1
Γ
= τ0 (in multiscale spacetime). (136)
The replacement of (134) with formula (136), valid in
multiscale spacetimes with q-derivatives, gives a char-
acteristic prediction that can be compared with that in
standard spacetime. For practical purposes, a constraint
on the fundamental scales in the measure can be obtained
as follows. First, we make a choice of geometric measure.
The binomial measure (24) is enough to extract interest-
ing information:
q∗(τmu) = τmu +
t∗
α0
(
τmu
t∗
)α0
= τ0 . (137)
The muon lifetime is not observed directly. Ex-
periments determine the Fermi constant GF =
1.1663787(6)× 10−5GeV−2 and the muon mass mmu =
105.6583715(35)MeV [71]. Using (133), one has [71]
τ0 = 2.1969811(22)× 10−6 s (138)
for µ−. The lifetime of µ+ is almost the same and we
can ignore the difference. If we knew both α0 and t∗, we
would invert (137) and find the multiscale prediction for
τmu. As we do not, we opt for a different approach. We
assume realistically that t∗ is small enough so that the
scale-dependent part of the measure is small and τmu ≈
τ0 to a very good approximation. Then, we account for
all the experimental error δτ ≈ 6.6 × 10−12 s at the 3σ-
level as setting an upper limit on the effects of anomalous
geometry:
t∗
α0
(
τ0
t∗
)α0
< δτ ,
implying that
t∗ <
(
α0δτ
τα00
) 1
1−α0
. (139)
Computing (139) as a function of 0 < α0 < 1, we find
that the maximum t∗ is attained for α0 ≈ 0.06. This
value of α0 has no special meaning in the theory but
it sets the absolute upper bound in (4). On the other
hand, for the central value α0 = 1/2 (which can have
some theoretical justification [31, 32]) the allowed range
t < t
(α0=1/2)
max is lowered by 5 orders of magnitude.12
D. Lamb shift
Independent bounds on the scales of the theory come
from quantum electrodynamics and the Lamb shift ef-
fect. Following a procedure analogous to the one for
the muon lifetime, we use the experimental uncertainty
to determine the fundamental energy E∗ below which
the effects of the anomalous geometry become negligible.
The theoretical calculation of the radiative corrections
to the Lamb shift is identical to the ordinary one upon
the replacement E → p0(E) according to the momentum
geometric coordinates (25). Since we expect E∗ to be
much larger than the characteristic energy scale involved
in these experiments, we can make the approximation
E∗ ≫ E in (26b). A check a posteriori will confirm this
step. Considering the binomial measure for 0 < α0 < 1,
one has
p∗(E) ≃ E − |E|
α0
∣∣∣∣E∗E
∣∣∣∣
α0−1
, (140)
so that the difference ∆p∗(E) = p∗(E1)−p∗(E2) between
geometric energies is related to the difference ∆E = E1−
E2 between energies by
∆p∗(E) ≃ ∆E + E
α0−1
∗
α0
(|E2|2−α0 − |E1|2−α0)
≃ ∆E + 2− α0
α0
∣∣∣∣E1E∗
∣∣∣∣
1−α0
(|E2| − |E1|),
where in the second line we have used the fact that, for
the levels 2S and 2P of hydrogenic atoms, ∆E/E1 ∼
∆E/E2 ≪ 1. The expansion xa−1 = a(x−1)+O[(x−1)2 ]
then applies. Letting D = 4, identifying E1 = E2S and
E2 = E2P with the energy of, respectively, the 2S1/2 and
2P1/2 state and noting that both E2S and E2P are neg-
ative, the relation between geometric and physical Lamb
shift is
∆p∗(E) ≃ ∆E + 2− α0
α0
∆E
∣∣∣∣E2SE∗
∣∣∣∣
1−α0
. (141)
Since the multiscale correction is going to be small, it is
safe to assume that ∆p∗(E) ≃ ∆E. Then, the second
term in (141) cannot be larger than the experimental
12 Due to some freedom in the normalization of the factor (t/t∗)α0 ,
one can slightly change the above bounds but not by much.
Replacing α0 → Γ(1 + α0) in the numerator of (139) (as in
the original definition of fractional measures, where Γ is Eu-
ler’s function), Eq. (4) becomes t∗ < 10−12 s (at α0 = 0) and
t
(α0=1/2)
∗ < 10
−18 s.
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error δE, which establishes a lower bound for the energy
E∗:
E∗ >
(
α0
2− α0
δE
∆E
) 1
α0−1 |E2S | . (142)
The smaller the experimental uncertainty δE/∆E and
the energies |E1,2| involved, the larger the lower bound
on E∗. From Eq. (115), the relative experimental uncer-
tainty on the 2S-2P Lamb shift of hydrogen is δE/∆E ≈
2.8 × 10−6 at 1σ confidence level, the same as for deu-
terium (for helium, δE/∆E ≈ 1.5× 10−5). Rounding up
to the 3σ level,
δE
∆E
≈ 8.2× 10−6 . (143)
The energy of the 2S1/2 state is E2S ≈ −3.4 eV. Plug-
ging these values into (142), the right-hand side has a
minimum at (again) α0 ≈ 0.06, resulting in the absolute
lower bound in (5). Consistently, |E2S |/E∗ ≪ 1. For
the preferred value α0 = 1/2, the lower bound is much
larger, E∗ > E
(α0=1/2)
min = 450GeV.
VI. DISCUSSION
When the dimension of spacetime changes by virtue of
exotic physics independent of curvature corrections, the
dynamics of quantum particles is usually affected. Modi-
fied dispersion relations, quantum geometries and multi-
fractal backgrounds are all characterized by dimensional
flow in one way or another. However, in this paper we
have shown that the case of multiscale spacetimes with
weighted derivatives is special inasmuch as the observ-
ables of quantum field theory with non-Abelian gauge
fields are insensitive to dimensional flow: the latter can-
not be tested in accelerator experiments in a world de-
scribed by such model. Only in the U(1) sector (electro-
dynamics) or when gravity is turned on does the scale
hierarchy of the geometry manifest itself, in such a way
that the dynamics is fundamentally different from more
traditional settings such as scalar-tensor theories [43].
This result formally concludes the basic formulation of
the theory with weighted derivatives and suggests that
future investigation be carried out mainly in the context
of astrophysics and cosmology. On the other hand, the
multiscale theory with q-derivatives is nontrivial in all
gauge sectors.
Particle-physics observations can place bounds on the
characteristic scales of the geometry of both theories.
The method we employed to extract this information is
crude but effective, as also shown in early applications to
dimensional-regularization toy models [48–50]: the 3σ-
level experimental uncertainty is used as an upper bound
on possible multiscale effects. We extracted the absolute
and characteristic upper bounds (4) on the time scale
t∗ in the hierarchy by comparing the muon lifetime pre-
dicted by the theory with experiments. Similarly, the
upper bounds (1)–(2) and the lower bounds (5) were ob-
tained from the 2S-2P Lamb shift effect in hydrogen-
like atoms in the theory with, respectively, weighted and
q-derivatives. All these bounds are more sophisticated
than those found in the toy models mentioned above,
which are not multiscale: in general, a spacetime with
a fixed dimension D different from 4 gives rise to much
less flexible phenomenology, which invariably ends up in
scale-independent constraints |D− 4| ∼ 10−5–10−11 (see
[32] for a summary of these old results).
Further aspects that deserve consideration for future
investigations are related to the quantization of multi-
scale Standard Models. In the present paper, when quan-
tum corrections were considered, the result was simply
imported from the corresponding standard result in the
integer picture. However, we have not discussed the fate
of quantum symmetries, which are expected to happen
in the presence of quantum-gravity effects and might be
broken also in the case of multiscale theories in the frac-
tional picture. Violations of global symmetries such as
CPT (which are preserved classically, as we have seen)
can lead to a baryon-number violation signaled by pro-
ton decays or neutron-antineutron transitions accessible
in the laboratory. It would be interesting to find and
compare these limits with those discussed above.
On the theoretical side, two other questions are how
the exotic measure of multiscale geometry enters the ef-
fective action and how it affects the path integral. Con-
cerning the first point, a new type of nonlocality in the
momentum should arise as a consequence of having de-
formed the propagator as described in [38] and here. The
second point is perhaps subtler if one thinks that ~ enters
the path integral just as a rescaling
v(x)→ v(x)
~
, (144)
so that the effect of the measure weight decorating the
action integral may be seen as a spacetime-dependent
Planck constant. This suggests the idea that the classi-
cal limit ~→ 0 can be modulated by a specific regime of
the multiscale measure. To be more specific, one should
carry out a study along the lines of [36], where the mul-
tifractional path integral for a quantum-mechanical par-
ticle was constructed.
We conclude by relating the time and energy bounds
found in this work. So far, we have followed a conserva-
tive approach and treated the fundamental length, time
and energy scales ℓ∗, t∗ and E∗ in the binomial measure
as independent. A drastic simplification of the theory
would occur if all these scales were related to one an-
other by some unit conversion. In a standard setting, one
would make such conversion using Planck units. Here,
the most fundamental scale of the system is the one ap-
pearing in the full measure with logarithmic oscillations
[30, 32], denoted as ℓ∞ in Eq. (11). For the time direction
one has a scale t∞, while in the measure in momentum
space the fundamental energy E∞ would appear. Then,
one may postulate that the scales ℓ∗ ≫ ℓ∞, t∗ ≫ t∞ and
22
E∗ ≪ E∞ are related by
E∗ =
t∞E∞
t∗
, t∗ =
t∞ℓ∗
ℓ∞
. (145)
The origin of these formulæ is mysterious: in their
present formulation, theories of multiscale spacetimes do
not require this mutual dependence of the scales in the
hierarchy. Nevertheless, it is intriguing to explore the
consequences of (145). We recall that log-oscillating mea-
sures provide an elegant extension of noncommutative κ-
Minkowski spacetime and explain why the Planck scale
does not appear in the effective measure thereon [33].
In turn, this connection suggests that the fundamental
scales in the log oscillations coincide with the Planck
scales:
t∞ = tPl , ℓ∞ = ℓPl , E∞ = mPl . (146)
In four dimensions, tPl =
√
~G/c3 ≈ 5.3912 × 10−44 s,
ℓPl =
√
~G/c5 ≈ 1.6163× 10−35m and mPl =
√
~c/G ≈
1.2209× 1019GeVc−2. Remarkably, Eq. (146) connects,
via Newton’s constant, the prefixed multiscale structure
of the measure with the otherwise independent dynamical
part of the geometry. Also, it makes the log-oscillating
part of multiscale measures [and so the whole measure,
via (145)] intrinsically quantum in the sense that Planck’s
constant ~ = h/(2π) appears in the geometry.13
In the light of Eqs. (145) and (146), we can manipulate
the bounds t∗ < tmax andE∗ > Emin we have obtained on
t∗ and E∗ to extract new bounds summarized in Tables
I and II. For each part of the tables (absolute bounds
and bounds with α0 = 1/2), the “muon lifetime” row
is (tmax, ℓmax = tmaxℓPl/tPl, E¯min = mPltPl/tmax), while
the “Lamb shift” row is (t¯max = tPlmPl/Emin, ℓ¯max =
ℓPlmPl/Emin, Emin). In the theory with q-derivatives,
Table I. Absolute and preferred (α0 = 1/2) bounds on the
hierarchy of multiscale spacetimes with weighted derivatives.
The bounds (124) and (125) obtained directly from experi-
ments, without the input (145)–(146), are in boldface. All
figures are rounded.
Absolute bounds t∗ (s) ℓ∗ (m) E∗ (eV)
Lamb shift < 10−23 < 10−14 > 107
α0 = 1/2 t∗ (s) ℓ∗ (m) E∗ (eV)
Lamb shift < 10−29 < 10−20 > 1013
the bounds from the Lamb shift are much stronger than
those from the decay rate of the muon. The character-
istic scales ℓ∗ and t∗ cannot be larger than about 10
17
13 Moreover, putting time and space on an equal footing as in (145)
may indicate a similar symmetry for geometric coordinates at all
scales, which implies isotropy of the fractional indices: αµ =
α for all µ = 0, 1, . . . ,D − 1. This further assumption is not
necessary for our analysis.
Table II. Absolute and preferred (α0 = 1/2) bounds on the
hierarchy of multiscale spacetimes with q-derivatives. Bounds
obtained directly from experiments are in boldface. All figures
are rounded.
Absolute bounds t∗ (s) ℓ∗ (m) E∗ (eV)
muon lifetime < 10−13 < 10−5 > 10−3
Lamb shift < 10−23 < 10−15 > 107
α0 = 1/2 t∗ (s) ℓ∗ (m) E∗ (eV)
muon lifetime < 10−18 < 10−9 > 102
Lamb shift < 10−27 < 10−19 > 1011
times the Planck scale. In particular, the α0 = 1/2
bound on ℓ∗ is stronger than the heuristic estimate
ℓ∗ < 10
−18m made in [32]. For the Lamb shift, the
bounds in the theory with weighted derivatives are one
or two orders of magnitude stronger than those for the
theory with q-derivatives. Interestingly, the α0 = 1/2
Lamb-shift bounds E∗ > 28TeV (weighted derivatives)
and E∗ > 450GeV (q-derivatives) are not far from the
energies currently probed in the LHC.
Multiscale theories are not the only context where
characteristic scales appear and can be constrained. Just
to give one example, in string field theory certain non-
local operators modify the physics at scales close to the
string length
√
α′ = ls. This scale is supposed to be
extremely small but it can be constrained by experi-
ments without any theoretical prejudice on its size. LHC
data bound this scale as ls < 10
−19m, corresponding to
Es > 10
3GeV [72], while observations on optomechanical
heavy quantum oscillators give ls < 10
−15m [73]. These
figures are similar to those we found in this paper.
Let us also compare the numbers in the tables with
the characteristic length and time scales of particle in-
teractions. The electromagnetic force propagates indef-
initely, so that ℓqed = ∞; on the other hand, tqed ∼
10−21− 10−16 s. The length scale of the weak interaction
is ℓweak = ~/(mW c) ∼ 10−18m, while tweak > 10−10 s.
For the strong interactions, ℓqcd ≃ ~/(mpic) ∼ 10−15m
(where π is the lightest massive meson) and tqcd ≃
ℓqcd/c ∼ 10−23 s. Since the preferred upper bounds on t∗
and ℓ∗ coming from the Lamb shift are smaller than all
these characteristic scales, it is reasonable to conclude
that, for all practical purposes, electroweak and strong
interactions cannot feel multiscale effects in any of the
theories considered here.
We have stressed at several points in the paper that
the physics is described by the fractional picture, while
the integer picture is just an auxiliary tool. Contrary to a
similar dilemma in scalar-tensor theories, here we do not
have a choice in selecting the frame where observables
should be extracted, even at the classical level. There-
fore, the violation of Lorentz invariance in the fractional
picture is another element we could constrain multifrac-
tal geometry with. Effects of Lorentz-symmetry breaking
in the Standard Model have repercussions not only in ac-
celerator experiments but also in cosmic-ray and neutrino
23
physics [74, 75]. Constraints from these observations are
typically more stringent than those found in this paper
from the muon decay rate and the Lamb shift and they
may provide a very useful source of information to fur-
ther pin down the range of validity of multiscale theo-
ries. Data from yet other physical systems or processes
can provide a cross-check of the above bounds. In par-
ticular, one could study the multiscale version of massive
quantum oscillators and use those observations to get in-
dependent constraints, especially because table-top high-
precision experiments already under construction will be
able to improve such bounds by several orders of mag-
nitude [73]. We also foresee a number of cosmological
applications, some of which have already been worked
out [43] or will appear soon [55].
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Note added.— After the submission of this paper to
the electronic preprint archive, it was suggested to us to
look at the anomalous magnetic moment of the electron,
the g − 2 factor, as a possible source of stronger con-
straints on multiscale geometry. A short calculation gives
an interesting result for the theory with weighted deriva-
tives. From the triangular vertex in the integer picture,
at one loop it is known that g − 2 = α˜qed/π. From now
on, we consider just the fine-structure constant, which
is measured with an accuracy of δαqed/αqed ∼ 10−10.
Since the measured fine-structure constant is αqed(t) =
α˜qed/v∗(t), for the binomial measure (10) the difference
between the integer and fractional constant is ∆αqed =
αqed(t)|t∗/t|1−α0 . Demanding ∆αqed < δαqed and set-
ting t = tqed = 10
−16 s, we obtain t∗ < 10
−16−10/(1−α0) s.
Therefore, we get an upper bound on t∗ at α0 = 0, gen-
erating also length and energy bounds:
t∗ < 10
−26 s , ℓ∗ < 10
−17m , E∗ > 10GeV , (147)
which are three orders of magnitude stronger than the
Lamb-shift absolute bounds in Table I. For α0 = 1/2, we
get
t
(α0=1/2)
∗ < 10
−36 s ,
ℓ
(α0=1/2)
∗ < 10
−27m , (148)
E
(α0=1/2)
∗ > 10
11GeV ,
seven orders of magnitude stronger than the Lamb-shift
α0 = 1/2 bounds in Table I.
The theory with q-derivatives is immune to similar con-
straints because it predicts the same g−2 factor and fine-
structure constant as in the ordinary Standard Model. It
is easy to understand why. As we have seen, the way
the q-theory conveys multiscale effects to physical ob-
servables is via a transition from adaptive measurement
units (integer picture) to nonadaptive ones (fractional
picture). In the case of the Lamb shift, we borrowed the
standard QED result for the shift in the energy levels and
applied it to the difference ∆p∗(E) between geometric en-
ergies; then, from ∆p∗(E) we extracted the actual Lamb
shift ∆E and proceeded with the comparison with exper-
iments. We could have done essentially the same thing
by looking at the hydrogen spectrum on a photographic
plate. If the theory in the integer picture predicts that
two lines A and B are separated by ∆X microns, then
we must interpret ∆X = ∆q∗(x) as a composite distance,
from which one can calculate the distance ∆x measured
by our physical rulers. And so on. However, dimension-
less quantities such as αqed and g − 2 are unaffected by
having worked with composite momentum or position co-
ordinates. Therefore, these fundamental14 dimensionless
observables remain the same in the q-theory. Curiously,
this situation is complementary to the one for the muon
lifetime, where the q-theory was sensitive to changes in
the geometry while the theory with weighted derivative
was not.
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